(Chapter 4) Electric Fields in Matter

4.1. Polarization

4.1.1. Dielectrics

When an electric field is applied to matter with bound charges
(dielectrics), the charge distribution is altered slightly
(compared to a dramatic change for conductors).

4.1.2. Induced Dipoles

For example, if an electric field E is applied to an atom, the center of +
charge, and the center of = charge will be shifted very  slightly.

The electric field is said to have induced a dipole moment.

p = (ZE For weak electric field
A

Dipoie‘ Atomic Polarizability
Moment  (characteristic for every atom)

Depending on the structure of the charge distribution, polarization is
easier in one particular direction. This is almost always the
case with molecules.

Therefore, in general, D= a_\;\'E.x - (Z_WE‘ T, E:

p_\ = a\'\'EV\' + a)\Eﬂ + a): E.'

{a”. - polarizability tensor

p.' = a.Y: El‘ + a_\‘: EV\' + a:: E:

Sometimes it is just a matter of the directions // and L to the applied field.

4.1.3. Alignment of Polar Molecules
Some charge distributions already have a permanent dipole moment
(as opposed to an induced one).

As a result, even though ZF =0 (for a neutral charge distribution),
there is still a torque, V.

For a dipole f) = qd in a (uniform) electric field: N = ﬁ x E

Uniform E F,,=qE

N}(:if;fi“éfxp_,,)z[@x(,,E)H(_z]%. s
N = px

oy

1

Non-uniformE i‘, ‘at +q # Eal—r/
F=F,+F,=q(E,.,-E,)=qlaE)

D F=0
F=(p-V)E
At a point with position vector 7 :

¥ =G E): G2 F)




Problem 45  Consider Fig. 4.6
ﬁ] and ﬁz are (perfect) dipoles a distance ¥ apart.

Find s -
(a) Torque on P, dueto P, ?

(b) Torque on P, due to P, ?

(Calculate torque on dipole about its own center.)

P Fig. 4.6 »,

[IDENTIFY = 5« E,  (Eq.44)

m’““ S Eq. (3.99) leads to coordinate free form of electric field:

PROBLEM 4.5 )
SET UP | Draw diagram “

B, = pk P 72 .
132 = pzf
(@) EBupaps =#8(.r_13[3(‘53 Pp—p,]=
= #ﬁ%[:;(p:;.;);_ pifl=

= 1 1 o
Eyy==V-V,, = E?[?s(p-r)r— p] (Eq.3.104)

PROBLEM 4.5 (continued)
EXECUTE (continued) |
o s - 2p, ).
(a) Ny=p, % E-Iuruulipl = (p‘k)x [Lw)r =

= M1—(k X r‘) = directed in the page @
2meyr

(b) Edwludipl = ;[3(171[ ' ’:);" Pll;]

dzer

1 ) 5 P s
E oo = m[(o)" Plk]= -W ¢
0

N: =Py x Euwww = (P:’:)" [_ 4’:‘:}"3 kj

N, = p,_p‘(k X r") = directed in the page @

4re,r

4.2. The Field of Polarized Object
4.2.(1&2). Bound Charges and Physical Interpretatrion

Suppose we have a material with P#0. =
It contains many micro-dipoles lined up in the direction of external £.
All those little dipoles produce an electric field.

For a field point at %} from a single dipole the potential is:
V,,(F)= Lﬁ‘—{ (recall 3.99)
Then total potential is: 4ne, R
5(r)- R
V(F)=—— J'p("), Ir'
4re,; R

After some vactor calculus it_bacomes (on the next page)

4.1.4. Polarization

When an electric field is applied to a dielectric, dipoles are induced
and/or permanent dipoles align with the field.

Result: lots of aligned dipoles!

The dielectric is said to be polarized.

We define the polarization:

o dipole moment

unit volume

‘ > 1 g P, ‘
V()= ——| § 22 da'+ [ Logr
‘ ) 4ng,[f~n “,Im T}

(surface char. density) (4.11)
(volume char. density) (4.12)

QAuudmrl = _[Ubda
!Qm volume) = J‘pbd T

Now we can treat the problem just like any other one with charges using,
for example, Gauss's Law.

These charges (-4 and p, V) are referred to as “bound charges’

They are real! We say they are “bound" because they are not easily
removed, but the distribution is analogous to placing @ on the
surface of an object and inside the volume of the object




Problem 4.11 A short cylinder, of radius a and length L, carries a “frozen-in” uniform polar-
ization P, paralle] to its axis. Find the bound charge, and sketch the electric field (i) for L 3> a,
(ii) for L < a, and (iii) for L % a. [This device is known as a bar electret; it is the electrical
analog (0 a bar magnet. In practice, only very special materials-—barium titanate is the most
“familiar” example—will hold a permanent electric polarization. That's why you can’t buy
electrets at the toy store.]

EXECUTE

P = cont.
Qb( volume) = O

0,=P-i=%P

2
Qb(swface) = J‘o-bdA = P”a

IDENTIFY
relevant

uniform = const.

concepts o, = ﬁ_ﬁ
[SETUP | (3) 1554 (b) L<<a (©) L~a
. Ve
7

\“': . ’ L b af
\ \"" (©)

N
(a) Like & dipole (b) Like & parallei-plate capacitar

4.3. Electric Displacement
4.3.1. Gauss’s Law in the Presence of Dielectrics

Consider the total charge density within dielectric:
‘p,, Ly Py 2~ Bound charge density
o P - Free charge density

(free electrons or ions)
Then the differential form of Gauss' Law reads

V-F=L-P*P

gﬂ gn

= &V-E=p,+p,
and, as always ﬁ x E- =0
Since the bound charge results from a polarization, 2= -V.P

We can write: 806 E=-V.-P+ P,

VAeE+P)=p,| wm

~ =3 =Y
If we define the electric displacement D= EOE + P\
then Gauss' Law can be wrmen‘ﬁ D= ,Df‘

or in integral form CJ‘D dc'i = Qf -
enclose

4.3.2. A Deceptive Parallel

Note that these are macroscopic field equations, the microscopic field
equations could be quite complex.

Be careful about the displacement. For an electric field we said that

because Vx[E =() wecanwrite £ =—-V}
(When CURL is zero, then electric field can be presented as GRADIENT of & scalar f-n.)

But ... ingeneral VxD=( because VxP=0

D=V

4.3.3. Boundary Conditions

Recall from Chapter 2 that there is a discontinuity of Electric Field (Eq. 2.31)
below and above the surface:

E e = Enoy = f (231)
e =Epp,  (232) Bl —Efp =0
For the electric displacement we have:
! - iil;Le/OhC‘ =0y (4_26)
\D,:Zoxve = Dicios= Bigpe = Prtgyy #0 (4.27)




4.4. Linear Dielectrics
4.4.1. Origin of Polarization

Susceptibility, Permittivity, Dielectric Constant

As we noted earlier, Polarization arises when an electric field lines up
dipoles. How a material reacts to the application of an electric
field depends on the material.

For some dielectrics, termed linear dielectrics
the polarization is simply proportional to electric field.

P=e,y.E|

Ke is “electric susceptibility” (dimensionless)

E is the TOTAL FIELD, not just the external field

—> The nearby dielectric material causes a polarization too.

Note: In some dielectrics, the direction of p is not the same as £
Here we need to consider the components of a susceptibility

L Hox Koy
Koy
Ko
Such a medium is_anisotropic.

When we write ]‘5 = goleE

we are considering a linear, isotropic (same in all directions),
homogeneous (same in all positions) medium.

So, 5=goé+ﬁ =“:UE+S(xl.-E =80(1+Ze)g
permittivity
D=¢E 5580(1'*'1(»)?

evaste
Permittivity of free space

We can also define a relative permittivity or dielectric constant:

g
K= g_ =1+ p ¢ 2
If there are no boundaries where ¥, L 0 |
changes, then 1
E = ? E\’Il(’

The field is simply reduced by a factor of K.

D = 80E + P ~— Sources are bound charges.

Sources are free and bound charges.

Sources are free charges.
(See Eq 4.22)

PROBLEM 4.32

A point charge ¢ is imbedded at the center of a sphere of linear dielectric
material (with susceptibility %, and radius R). Find the electric field, the

polarization, and the bound charge densities, p, and G, What is the
total bound charge on the sphere? Where is the compensating negative
bound charge located?

IDENTIFY | Gauss’s law in the B.da =

l relevant presence of dielectrics § D-dd = 0y s (423)

|concepts | Linear dielectric: D =g, (1+ y,)E (4.32)
and P=g,y,E  (430)

Bound charges:
o,=P-Ai=P.} (411) and p,=-V-P (4.12)
Compensating negative charge (net bound charge): Qm,,,,, = j/-’,.d (i
2 =475°(F) (1.99)

r

Also (recall 3-dimensional delta function): V -

PROBLEM 4.32 (cont.)

| SET UP & EXECUTE | [D-di= Qs uipes = 'D’(4m,z)= g

D= q,;' =P E=2: q P
4mr” e Aze,(l+x, )
q Fo_q x \F

P=g,yE=c,0, ———— - .
o&e st dre,(1+7,)r*  4x\l+y, )P

-v.p=24_% @.i,j__ Xe \s3(z
& 4ﬂ(l+zl,I ) =9 1+ 7, ' (F)

G, =[3';=L2 I—i
4nR"\1+ 7,

PROBLEM 4.32 (cont.)

=Ry |
| EXECUTE (cont.) |

2 4
Qsplwrcswface = 47R O, =4q ﬁ

= = g L
Q(’omp - prdT =—q + 7

The compensating
negative charge
is at the center |




Problem 4. 18

Consider a parallel plate capacitor
filled with two slabs of dielectric .
material. Each slab has a thickness
a, and dielectric constants K, =2
and K,=1.5. Free charge density
on top (bottom) plate is ¢ (— o

¥, Meta( plate)

E D=0
Iﬁ ’ d& = Qf enclosed o

(a)Find D on each slab,

DA=od = D=oc (direction down)
Similarly for bottom slab:

= D=0 [(direction down)

Find the electric field lab.
(b) Find the electric field in each slab. D=¢E
= E=Z (down)=-Z (10p slab)
& 2,

Ey =2 (down)= 22 (bottom slab)
&, 3¢,

(c) Find the polarization in each slab. P=g,2E
R=gy-Z-=,2 but  K=l-y = y=Kk-1
2¢, 2

20\ 2y0 e \O
(-2 =2 P=gy=|=LZ_215-1}2=
R=G1Z-2  R-af 2] s

(d) Find the potential difference between the plates.

w|q

V=Ea+Ea (E=v.r)
o 2oy _Tom
28, 3¢, 6g,

(e) Find the location and amount of all bound charge. h

- | P,
(p,, =—V-P) P=cont = p,=0 21 *P'
g,=P-hi=-F = —% (top of slab1) [j’:j,n % 3

=+P = +% (bottom of slab 1)

=-R= —% (top of slab 2)
=+B = +% (bottom of slab 2)

(f) Recalculate the field in each slab and confirm your answer to (b).

Inslab 1: _ g _a
Caoe =0 =5 =— 7
e = E=—
g o a 254
O hetom =233 T3
In slab 2: o o g 20
=0 ——t——— =t —
s 23 3 20

4.4.3. Energy in Dielectric System

Recall from Chapter 2 that the energy of a system of charges can be
thought of as being stored in the glectric field.

For dielectrics we must modify an original expression for vacuum:

W= %s(, [Edr
v g >E allspace
‘_an‘pfalzfﬁim" EE = D VEn'ergy in vacuum
€E*=D-E
1 5 =
W=— I D-FEdr
' all space

Energy In dielectric




PROBLEM 4.4
F A point charge q is situated a large distance rfrom a
neutral atom of polarizability &. Find the force of attraction between them,

—
EXECUTE (cont.) p=cE .= —L 7

4re,r’

E,,(r.0)= 4”‘:,3 (2c0567+sin 66)=

1 aq |, A e B
S 2¢0s0(7)+5in 06]=
dreyr” Ameyr’ [ oos iz gt ]

o[=l]| 229 wes coa0=1, so=6.
4re, r

. q 1
F=q4E,, =2a e r—sr.
0

PROBLEM 4.10

IDENTIFY
relevant
| concepts

Surface charge density = BB
of a polarized object 9 P-n (4' 1 ])

Volume charge density __vU.p P}
of a polarized object Py = VP (4'1

Electric field inside a 1
uniformly charged sphere  £(rMm? = —
(see Prob.2.12) £y

p
@ o, =PB(R)-A=kR

= 3 ap,
LR . Y D
* rsiné 66 rsind é¢

p,==V.P =_l$(,~=kr)= _%3/(,3 =3k
roor r

PROBLEM 4.4

Induced dipole

IDENTIFY moment p=ak (4.1)
Relevant i - 1 q ¢
oo | S ol tg gy
0
Electric field 7~ p o 1 i
ofa dipole Ed,p(rﬁ):m(zcosewsm 66) (3.103)
0

Force on charge q

in an electric field E F = C]E (23)
SET UP

F E
q — ~ o
7 7
Ey,
fR=F, R=F > W=/
EXECUTE
Bl 9.1 4.
 4ne, W 4ze, r? 2

PROBLEM 4.10 A sphere of radius R carries a polarization
P(r) = kr
where K is a constant and I is the vector from the center.

(a)Calculate the bound charges O} and Oy,
(b)Find the field inside and outside the sphere.

PROBLEM 4.10 (cont.)

EXECUTE (cont.) |

® g E=ﬂﬁ=(_3k)r- L7
3¢, 3¢, &,

vop: BoLa g
4re,re

0, =0,k )+ p, (%nR’J
0,, = (kR)47R?)+ (- 3k)(§;rk~‘) = 47kR® — 47kR® =0

= E=0.

o




MASERSIRAEN 1 thick spherical shell (inner radius a, outer radius b) is made
of dielectric material with “frozen-in" polarization
= k.
P(r) =—F,
#
Where k is a constant and ris the distance from the center (See Figure below). There
is no free charge in the problem. Find the electric field in all three regions by two

different methods:

(a) Locate all the bound charge and use Gauss law (Eq. 2.13) to calculate the field it
produces.

(b) Use Eq. 4.23 to find D , and then get E from Eq. 4.21.

PROBLEM 4.15a (cont.)

EXECUTE (cont.) E= er! .
2
dre,r

a<r<b: ( J ——-J(,v)d/

—-4711/-411\( —u) —Anr = E.__L,-
Eyt

r>bi Q= (-f)(mﬁﬁ (%J(-ubﬁ)af j’(—rij(m Yir

=—4nka+4mkb—4nk(b—a)=0 = E=0

For the bar electret of Problem 4.11, make three careful

sketches: one of P, oneof £, and one of D . Assume L is about 2a.
[Hint: E lines terminate on charges, D lines terminate on free charges.]

7N

(

(=

PROBLEM 4.15a

Surface charge density =P.a
of a polarized object ) P (4' ! 1)
Volume charge density _U.p
of a polarized object VP (4' ! 2)
Gauss law
SET UP & EXECUTE
_k -p - P
R = e F,=F=0 P >,
A - b
VP l(p) L (ingp) L
ror rsiné ¢ rsiné o¢
PR p:_L,j_”[ iJ:-i,
roor r re . R
n,==rF, A,=F
. +P.j= -Il r=b
o, =Pii={ b %
-P.F=== r=al ®
a )

S ESEBAEE] Gauss’s law in the 45 di=Q
IDENTIFY ‘ presence of dielectrics Jenct

relevant
Electric = = B )
| concepts | displ ¢« D=¢gE+P Free enciosed

charge

There are no free charge in the problem. l
SET UP & EXECUTE |

= gE+b=0, E=-Lp
g(v
[0 forr<a,r>b
= Bei fora<r<b
£

EVALUATE

Method (b) is faster, and avoids any explicit reference to bound charges.
10

P E
i |
W\ 4/ \

j;/

There Is no volume charge Same as £ outside,
Defined (sé. P= uine but lines are not broken
by There are only surface charges on since
Problem 4.11 upper and lower circular plates 7. —
On the side V-D=0.
o,=P.n=0
Electric fiekd is always directed from 2

positive to negative charge




Note on Problem 4.17¢

The problem states that there are no free charges anywhere:
We can apply the Gauss law for displacement (Eq. 4.22):

V.D=p, = V.D=0.

According to the second potential theorem (see page 54) the
displacement vector field in this case (but only in this case!) is a
divergence-less or a "solenoidal” field. The equivalent property of this
field is that its total flux is zero for any closed surface and that there are
no sinks or sources of the field. In this particular case the sources would
be the free charges, and they are not present.

Therefore the field lines of the displacement vector field are
continuous.

Gauss’s law in the A.ogs 5
IDENTIFY | presence of dielectrics §D da=Q,  (4.23)

:‘:‘é::; Linear dielectric D = gE =4l ta. JE (4.32)
Potential  y/(7)=—[E.dl  (2.21)

EXECUTE |
D-4P=0,
A=4m’ -
o
. 4mr-
- 0 r<a
E:Q:\ Q,F a<r<b
& 4mer
=2 ¥ r>bh
dxs,r’

A metal sphere, of radius a, carries a charge Q as shown.

Itis surrounded, out to radius b, by linear dielectric material of permittivity &
Find the potential at the center (relative to infinity).

PROBLEM 4.26 A spherical conductor, of radius @, carries a charge Q as shown.

It is surrounded by linear dielectric material of susceptibility X, out to radius b
Find the energy of this configuration.

PROBLEM 4.26 [Ny § D-di=Q, (423)
IDENTIFY presence of dielectrics Vined

relevant

| concepts

Linear dielectric D =

=&,(1+ 2.)E (4.32)
Energy in a Iips=

dielectric system = "- D-Edr (4.58)

From Example 4.5:

D=

T et e O




