(Chapter 5) Magnetostatics

5.1 The Lorentz Force Law
5.1.1 Magnetic Fields

Consider a collection of charges.
Current

If charges are at rest, then the problem
is one of electrostatics and we
need only to consider electric fields.
Magnetic ficld
But, if the charges are in motion, then we
have a current and we must also
consider magnetic fields. /(

(Recall “right hand rule” for Magnetic
Fields generated by current-carrying
conductors - see the figure.) Fioure 53

5.1.3 Currents
To measure the motion of charge we have to define a current.
A current is the charge per unit time that passes across a surface.

Current is defined such that a positive current is in the direction of
motion of the positive charge

Current (/) has an associated direction.
=5 [ is a vector quantity.

Consider a line charge A traveling at a velocity v
I=Av
If dI— is a segment of a wire, then E,mg = J.I(dl X B)

I=const .. F,,= defxé

For a volume current, we define
“volume current density” as:
- dl
J= _d =pv
a; /
B B o e md
Fp=[3xBpde=[IxBar % '
- Flow
Note that J can be used to calculate
=[] -da
Then using the divergence theorem: IJ wda= I(V ’J)h

= = d = = 7)
[ P O

v

Outward flow decreases the charge left in the volume.

5.1.2 Magnetic Forces
Consider a charge Q moving with velocity V in a magnetic field E:
The magnetic force is given by the Lorentz force law:

I?'m”g = Q(ﬁ X E)

And the total force, if there is also an electric field present, is:
F=0(E+vxAB)
Note the cross product indicates that:

Maanetic Forces do no work

FL¥B = W= _[F-a’l = ]’F-vm:o

A represents a one dimensional line charge. f = Av
We can also have 2-D and 3-D charge distributions in motion.

We define a surface current density

And the Lorentz force law becomes

Fop = [(7x Bloda = [(R x B}

PROBLEM 5.4
Suppose that the magnetic field in some region has the form
B = kz%

where k is a constant. Find the force on a square loop (side @), lying
on the yz plane and centered at the origin, if it carries a current /,
flowing counterclockwise, when you look down the x axis.




PROBLEM 5.4
IDENTIFY
relevant
concepts

Lorentz force law for a — .[ i (di x E)

current-carrying element * mag

Vector products (Eq. 1.12)

'SETUP = }
— Draw a diagram: [y
. - /
Break square loop into four segments, B | ~ y

as shown in the diagram. @1 & |2

e * ®
EXECUTE
() rdi =-Idy- 3 B:kfz’-fc =

Tka®

O

t

%
Fy, =1J'd1"x1§=—/k% J’/dy(jx&)=

g {013 B WIS R (CT TN M EXECUTE (cont.)
(2) Idl =ldz-3; B=kzt =

= T 5o sy Tka”
Fyy=1[di xB=1k 'r:dz(zx.\)—T_\v
%
() zal = Idy-3; E:—k%f =

s

P
Fy=1fdl xB=-1k% J)cly(j'v,\’)=
“n

2

k2t =

(4) Idl =-1d=-2, B

Fy=1fdl xB ==tk [2delex ) =225

F= -(1,+[:"(2,+I-‘(_,)+ Fley =1k%[(l+l)ﬁ+(l—l)jx]= Tka’z

[3{e = IN SRRl A current 7 flows down a wire of radius .

(a) Ifitis uniformly distributed over the surface, what is the surface current

density K ?
(b) If it is distributed in such a way that the volume current is inversely

proportional to the distance from the axis, what is J ?

(0) /a

)
-/

\

FROBLEM'S.S Surface current density K = A
IDENTIFY dl,
relevant . i
concepts Relation bletweeélu::z;:nf andm = '[J .da

[ SET UP & EXECUTE | Draw diagram (see praviou.s slide)

@) A=12, @ eatp g=LL. L
27 dl, 2m

(b) _/ccl =l J=Z
r

a a r
I= =|=rdrd@=|adr|df=2
IJ(I/I J"_ rdrd8 J:a r _!( maa
7 I

=5 a=— = J=
2ma 2mar




5.2. The Biot-Savart Law

Where do magnetic fields come from? —>  Currents

If the current does not change with time, we say this is a steady current
as opposed to a time-varyin rrent.

Analogy: steady charge — electrostatics
steady currents — magnetostatics

The magnetic field produced by a steady current is given by the

Biot-Savart Law.
=ty My ix‘j? .
B(F)=— |—dl
(r) 4r ". N

:/1_01 Idi'x‘n\ |
4r ¢ R

Hq is the permeability of free space =47 107 N/ 4°

The extension to surface and volume integrals is straightforward:

é(i)zﬁjk(?)x‘ﬁ i

4r s W
BF)=* jmdr' (5.39)
ar ) W?

Just like Coulomb's law, superposition applies to magnetic fields too.

EXAMPLE 5.5 Find the magnetic field a distance § from a long straight

wire carrying a steady current /

.

SET UP & EXECUTE (cont,) |

For the wire segment in Figure:

wire segment

O

BB, Bzﬂj(°°sj”J( - )cos@d@

4r J\ s* M\cos’@

Infinite wire

p=2L (g, <sing) 6 =—
4rs :

EXAMPLE 5.5 7' %
Biot-Savart law B(F)= Ho lId[ X‘R
IDENTIFY 4r R*
relevant G trical and trig ic relati
principles

‘rssr UP & EXECUTE

a=Z+0
2

’dl"x‘ﬁ =dl'sina =dl'cosf

_sind ,=Scos‘9—(—sm'(9)d0= S 40

I'=stanf=s—— = dl - =
cosé cos™ @ cos” @
1 cos’@
s=Rcosld = —F=—
R S

m Find the magnetic field a distance Z above the center of
a circular loop of radius R, which carries a steady

current / (see the figure).

Eionre S 21




EXAMPLE 5.6

SET UP & EXECUTE

dé = dé vertical + dé

horizontal

J‘dB horizontal = O
circumference
B2)=  [dB, = o[ HE%E
ircunference ar R
o Fieyre § 21
0 ! 4 e ) Tcosd
Bo)- it far ~4e iR
4 W circumference 4r WR°
R & IR?
oS =E a0 . = B(z): 4y

ROVR 4 WE+s)

SET UP & EXECUTE |

e IxF I di'xF
@) B(F)=Ho (L2 gp= Mo (4020
) 4;1-( Py '[ r?

S (a
Forthesides dl /¥ = dl xF =0, sides do not contribute.

From Example 5.8, the magnetic field a distance z above
acireular loopis ;) sl R |
_— ) Pl (R: ey
Herez=0 — B=M : o
2R !
Since we have a quarter segment only, 8= %}2— So, B=B,+B,
ol wed
Let be + B=0 o
@ = 8a 8

B=f
8

M,l(l l) Direction from the page.
a b

gale =R VRN B Find the magnetic field at point P for each of steady

current configurations shown in the figure below.

oINS RN TTON | SET UP & EXECUTE (cont.) |

5.3 The Divergence and Curl of Magnetic Field Strength
V-B and VxB
Consider a wire with a steady current I,

ol
2

We know that for infinite line B =

Whatis the integral B! for fixed 57

(Rl BTy

q’é.d/‘:q"z‘—:éw:po/

This result is actually general, the loop need not be circular and
hence if we have multiple wires passing through the loop

i 45 : dl— =:u0 / enclosed

This is the integral form of Ampere's Law.

(b)
The two ¥z lines are equivalent to a single infinite line B = ﬁ'—‘i
u,1 27R
and the % circle gives B =2Y—,
4R
/ I I(1 1
=% B(P)= Fo_ o _Boll o~
27R 4R  2R\xm 2
Direction is into the page, @ ,
Using Stokes Theorem we know
§$B.d = [VxB-da (Eq.1.57)
s :
Closed loop \ama

Furthermore, 1,000 = Jj -da
= [VxB.da=y,[J-da
= 6 X E =u j Differential form of Ampere’s Law.
0

Ampere's Law is always valid. If a system has a certain
symmetry it is useful for calculation.




We can now use the Biot-Savart Law for volume current (Eq. 5.39)

E(F)=ﬂjmd7' toshowthat V-B=0
4z N*

i.e. the magnetic field is a divergenceless field (no sources or sinks).
B O LU G Y D ey
4r n* 4r R

Recall vector identity r:lo, 6 (inside the cover page):
V- \ixB =B‘(VxA)—A- VB

20 Ix |2 x )| T x=
w ) W R

:>V-[J><s :J=0 = V:B=0. VxJ(F)=0 I = 1(7)
R v A% =0 (see prob.1.62),

PROBLEM 5.13

IDENTIFY | perosiaw  9B-dl = tol s
relevant

concepts

SETUP & EXECUTEJ
(a) g Bdl = ud,

B (275' ) =H, I enclosed

b) Jaxs = J=ks
dAd = (275 )ds

I= J’J‘-dﬁ: ujks~(2m)ris

5.4 Magnetic Vector Potential

5.4.1. The Vector Potential lar ntial
; = - = L

Recallthatif VxF=0 < F=-VV =~ (Eqn.1.103)

Simiary, if . F-0 o F=VxA_ (Eqn1.104)

R
Vector potential
Since B — V.R =(We can write magnetic field as

B=VxA4
A is known as the magnetic vector potential.
Just as Vis defined to within any function whose curl is ZEro (Vi yesan ot tunsien,

we can always add to 4 any function whose divergence is zero.
Hence we can always define 4 so that 6 3 ,Z =0.|
|, T4 |

(= 1
Magnetic vector potential could be calculated: \/—; = ﬂ J’ Lr)d 4
4r

PROBLEM 5.13

A steady current I flows down a long cylindrical wire of radius @
(see the fig.). Find the magnetic field, both inside and outside the wire, if

(a) The current is uniformly distributed over the outside surface of the wire.

(b) The current is distributed in such a way that Jis proportional to §, the
distance from the axis.

PROBLEM 5.13 (cont.)
EXECUTE (cont.)

i 3

a € SJ a
I=\ks - 2msfs =27k | s ds = 2mk—| =2mk—
{ (2m) j 3], =23
ka2l il e —es
2m’ 2ma
3(275) = ol cnctosea
5 5 B = S.\ 3] SJ SS
! ptosed = | JAA = | ks QS s = 2ak — =27 —=l=
cnlosed ;[ ;[ ( }i— 3 2ma’ 3 a’
s’ ﬁ"[—s‘qg for s<a
$<0, =150 o 5 lom’
sza, L oiosed =1 /2[;‘[;5 for sza
s

PROBLEM 5.25

(a) By whatever means you can think of, find the vector
potential a distance s from an infinite straight wire
carrying a current / (outside the wire). Check that

V-A=0 and VxA=B.

(b) Find the magnetic potential inside the wire, if it has radius R
and the current is uniformly distributed.




Ordinarily, magnetic vector potential
is co-directional with current:

IF)= = A4=A4F):

Magnetic vector p ial is defined by:

PROBLEM 5.25a

IDENTIFY
relevant
concepts

SET UP

Draw diagram and set up
cylindrical coordinate

system (¥ — 5) /

EXECUTE |

B

A= A2 = As)

PROBLEM 5.25b

Ampere's law q.é . di = :uOIencl

IDENTIFY
relevant | Magnetic vector
tential has to Current distributed

concepts ﬁ: e uniformly: J = const

ats=R. dA

Also (see Problem 5.25a); B = ——— 7
ds
|SET UP & EXECUTE]|

H 0 1 encl

§B-dl = BQm)=pl,y = B=

27s
I 5 .8 = el s 4
[::an:J(ﬂsz):”RZﬂs _IF = B_;R2¢

5.4.3. Multipole Expansion of the Vector Potential

Just as we expanded ¥(r) in powers of 1/ for a given
charge distribution, we can expand the vector potential
in powers of 1/7 for a given current distribution.

Monopole term
V-B=0 = no monopoles

—> no monopole term in the expansion.

Dipoletem —mm
- . mxr
4, (r )= Ho
’ Ar

m = magnetic dipole moment

=1 [da

PROBLEM 5.25 a(cont.)
EXECUTE (cont.)

= = = OA T & (Curl in cylindrical coordinates)
B=VxA=——-¢=‘u—°¢ (see Eq.1.81)
0Os 27
04yl Hol ds
—=—-— = Als)=——"|—
Os 27y (s) 27 J. s
/ N
= A(S) = _,U_o ln(i).. @ is the integration constant.
V4 a
EVALUATE |
oA . (Divergence in cylindrical coordinates)
6~A=%’1~5="2ﬁs)5=0 (see Eq.1.80)
Gxi=_Pg_ M) ;_ml; g
s 0s 275

PROBLEM 5.25b (cont.)

SET UP & EXECUTE (cont.) |
~ I ~ o4 0A /
=L 425 = _z_/‘_o_iz
2r R° os Os 27 R
I 2
= Als)=A =-L_s?4¢
) 4nR*

_ _tul (RY__solR
Aaal®)= 4,u®) = Ll Rt
o Mol

@ is arbitrary, soweadopt: = 4 =R = (¢="—",
! 4

_ﬁ.n(i]f 2R

— A=4 27 \R
—%[sz ~R:1:" S<R




