Problem 1.41 | Vi = (cos @ + sin cos ¢)& + (—sin 6 + cos 0 cos ¢)0 + $ (— sid fsin PP

V2t = V-(Vt)
= 1%25;( r?(cos@ +sinfcos @) + —L 2 (sm@(——sm@—{—cosécosgb)) rsm06¢( sin ¢)
== r2 2r(cos€+sm0cos¢)+rsme( 2sin 0 cos § + cos? 6 cos ¢ — sin 0cos¢) rs}necosqb

[2sin 6 cos @ + 2sin? 6 cos ¢ — 2sin 6 cos @ + cos? @ cos ¢ — sin 0cosq5—cos¢]

rsmG
— T—S}Te- [(sm 6 + cos? 0) COS¢—COS¢] =0.
= |V3t=0

Check: rcos@ = z, rsinfcos¢ = z = in Cartesian coordinates ¢t = = + 2. Obviously Laplacian is zero.
Gradient Theorem: [ Vt-dl = t(b) — t(a)
Segment 1: = 5, $=0, r:0— 2. dl = drt; Vt-dl = (cosf + sin 6 cos ¢)dr = (0+ 1)dr = dr.
JVtdl = [ dr=2.

Segment 2: 0 =T, r=2, ¢:0— 2. dl= rsinf do ¢ = 2dq’>q§.
Vi-dl = (—sin¢)(2d¢) = —2singdg. [Vi-dl = —fO% 2singpde = 2cosp|¢ = —2.

Segment 3: v =2, ¢ = F; :g-»O
dl=rd0f =2d00, Vit.dl = (— sm0+cos€cos¢)(2d0) —2sin 6 db.

[Vitdl = —f 2sinf df = 2(:080|,r =12,
Total: f Vi-dl =2 —2+2=|2| Meanwhile, t(b) —t(a) = [2(1+0)] - [0( )] =2. v
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Problem 1.43
(a) Vov = 1.2 (55(2 4 sin® 9)) + %%(s sin ¢ cos ¢) + 2 (3z)
= 125(2+sin® ) + L s(cos? ¢ — sin® ¢) + 3

= 4+25in2¢+cos2¢—sin2¢+3
= 4+sin’ ¢+ cos2 ¢ + 3 =|8.

(b) J(V-v)dr = [(8)sdsdpdz =8 [ sds [;2 d [y dz = 8(2) (Z) (5) = [40r.

Meanwhile, the surface integral has five parts: i
top: 2 =105, da=sdsd¢z; v-da=3zsdsdp = 15sdsdg. [v-da =15 f02 sds ff do = 15m.
bottom: z =0, da = —sdsd¢z; v-da=—32sdsdp=0. [v-da=0.
back: ¢ = Z, da = dsdz¢; v-da = ssin ¢ cos ¢ dsdz = 0. [v-da =0.
left: ¢ =0, da = —dsdz ¢; v-da = —ssin pcospdsdz =0. [v-da=0.
front: s =2, da= sd¢dz8; v-da = s(2 +sin® ¢)sdpdz = 4(2 + sin? ¢)d¢ dz.
Jv-da=4 [%(2+sin?¢)de [° dz = (4)(r + T)(5) = 25.

So $v-da = 157 + 25w = 407. v

(c) Vxv = (%%(32«) ~ %(ssinqﬁcosqﬁ)) §+ (£ (s(2+sin?9)) — 2(32)) ¢
—}—% ((.%(s2 sin ¢ cos ¢) — % (5(2 + sin? ¢))) Z
= 1(2ssingcos¢ — s2singcosP) z = | 0.




Problem 1.49
First method: use Eq. 1.99 to write J = [ e (476%r)) dr = 4me 0 =|47.
Second method: integrating by parts (use Eq. 1.59).

Jz—/r—z-V(e )d’r+7{e ﬁ.da. But V (e )—(56 )r--—e r.
v S
1 I i
= /r—ze_’"47rr2dr+/e_’”—r§ -r2sin9d9d¢i"=47r/e_’”dr+e_R/sin0d9d¢
r

0
= 47 (—e™") lf +4re R =dn (e B+ e 0) +dne R = dn.v (Here R = 0o, so e” =0.)




