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HW assignment 5. Due Thu April 14 on the lecture

Find the total cross section of e+e− → µ+µ− annihilation (averaged over the polarizations of incoming electron
and positron) at high energies (assume s � m2, µ2). From QED viewpoint the µ-meson is just a massive electron
with mass µ.

Solution
The matrix element of M-matrix is

M(p1, s1; p′1, s
′
1 → p2, s2; p′2, s

′
2) = Ū(p2, s2)γνV (p′2, s

′
2)

gµν

(p1 + p′)21
v̄(p′1, s

′
1)γµu(p1, s1)

where spinors U and V describe muon and anti-muon, respectively. For the total cross section one gets:( dσ
dΩ

)
unpolarized

=
e4

64π2s

√
s− 4µ2

s− 4m2

1

4

∑
s1,s′1,s2,s

′
2

A(p2, s2; p′2, s
′
2 ← p1, s1; p′1, s

′
1)A†(p2, s2; p′2, s

′
2 ← p1, s1; p′1, s

′
1)

=
e4

256π2s3

√
s− 4µ2

s− 4m2

∑
s1,s′1,s2,s

′
2

Ū(p2, s2)γµV (p′2, s
′
2)V̄ (p′2, s

′
2)γνU(p2, s2)v̄(p′1, s

′
1)γµu(p1, s1)ū(p1, s1)γνu(p′1, s

′
1)

=
e4

256π2s3

√
s− 4µ2

s− 4m2
Tr{γµ( 6p′2 − µ)γν( 6p2 + µ)}Tr{γµ( 6p1 +m)γν( 6p′1 −m)}

=
e4

16π2s3

√
s− 4µ2

s− 4m2
[pµ2p

′
2
ν

+ pν2p
′
2
µ − (µ2 + p2 · p′2)gµν ][p1µp

′
1ν + p1νp

′
1µ − (m2 + p1 · p′1)gµν ]

=
e4

16π2s3

√
s− 4µ2

s− 4m2

[
2(p1 · p2)(p′1 · p′2) + 2(p1 · p′2)(p′1 · p2)− 2[µ2 + p2 · p′2]p1 · p′1 − 2[m2 + p1 · p′1]p2 · p′2 + 4(m2 + p1 · p′1)(µ2 + p2 · p′2)]

=
e4

8π2s3

√
s− 4µ2

s− 4m2

[
(p1 · p2)(p′1 · p′2) + (p1 · p′2)(p′1 · p2) + µ2p1 · p′1 +m2p2 · p′2 + 2m2µ2]

=
e4

32π2s3

√
s− 4µ2

s− 4m2
[t2 + u2 + 4s(m2 + µ2)− 2(m2 + µ2)] =

e4

32π2s3

√
s− 4µ2

s− 4m2
[s2 − 2ut+ 2(m2 + µ2)] (1)

Formulas in the c.m. frame

t = m2 + µ2 − s

2
− 1

2

√
s− 4µ2

√
s− 4m2 cos θ

u = m2 + µ2 − s

2
+

1

2

√
s− 4µ2

√
s− 4m2 cos θ (2)

and therefore ( dσ
dΩ

)
unpolarized

=
e4

64π2s3

√
s− 4µ2

s− 4m2

[
s2 + 4s(m2 + µ2) + (s− 4m2)(s− 4µ2) cos2 θ

]
(3)

For the total cross section one gets:

σtot =

∫
dΩ
( dσ
dΩ

)
unpolarized

=
e4

16πs3

√
s− 4µ2

s− 4m2

[
s2 + 4s(m2 + µ2) +

1

3
(s− 4m2)(s− 4µ2)

]
(4)

At large s� m2, µ2 one can use directly Eq. (1) and approximate

s ' 4p2, t ' −4p2 sin2 θ

2
' −s sin2 θ

2
, u ' −4p2 cos2

θ

2
' −s cos2

θ

2

(where p = |~p1| ' |~p2|) so ( dσ
dΩ

)
unpolarized

=
e4

64π2s

(
1 + cos2 θ

)
and the total cross section is

σ(e+e− → µ+µ−) =
e4

12πs
=

16πα2

3πs


