Introduction: BFKL pomeron in hign-energy pQCD

m Regge limit in QCD.

m Perturbative QCD at high energies.

m BFKL and collider physics
High-energy scattering and Wilson lines

m High-energy scattering and Wilson lines.
Evolution equation for color dipoles.
Light-ray vs Wilson-line operator expansion.
Rescaling in the Regge limit.
Propagators in a shock-wave background.
Leading order: BK equation.

I. Balitsky (JLAB & ODU) High-energy amplitudes and Wilson lines ENS lectureI 5 Dec 2012



i i inei . h he
Heisenberg uncertainty principle: Ax = = = &

LHC: E=7 — 14 TeV « distances ~ 10~ cm
(Planck scale is 10733 cm - a long way to go!)

old stuff:
7T — Mesons
protons

To separate a “new physics signal” from the “old” background one
needs to understand the behavior of QCD cross sections at large
energies
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Strong interactions at asymptotic energies: Froissart bound

Regge limit: £ >> everything else

. E—
Cagsal'lty —~ Ow SOO In2E Froissart, 1962
Unitarity

Long-standing problem - not explained in any quantum field theory (or
string theory) in 50 years!
Experiment: oy, ~ s*% (s = 4E2 ). Numerically close to In’ E.
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The pQCD process - Deep inelastic scattering

DIS:ep — e+ X

Asymptotic freedom: o, (Q?) — 0 as Q> — oo

possible
states
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Cross section of DIS

Optical theorem: oy, = ZXAZP%MXAK,HHX = SAforward
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Parton model

Otot ~ /d4x e’”"”(NUH (%)) (0)|N)
Parton model (leading order of pQCD):
o ZeZD (xg), xp= 0’ ¢ =—-0°
tot ™~ ) - ) -
— 2p-q
D,(x) = probability to find the quark with fraction x of nucleon’s
momentum

q\\ N )/ /q

\ 4

R~ P
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Deep inelastic scattering in QCD

Dy(xg) — Dy(xp, Q%) - “scaling violations”
DGLAP evolution (LLA(Q2)
d
Q

@Dq (xg, Q%) = KparLapDy(xp, 0%)

Dokshitzer, Gribov, Lipatov, Altarelli, Parisi, 1972-77

KpaLap = a5(Q)Kio + af(Q)Knio + @; (Q)KNnNLo- -
The DGLAP equation sums up
Z ( Q2 n 2
o In —2) [an + byo + cpas + ]
my

n

One fit at low Q3 ~ 1 GeV? describes all the experimental data on DIS!
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Deep inelastic scattering at small xp

Regge limitinDIS: E> Q0= xp < 1

DGLAP evolution = Q2 evolution

HERA data for xD,(x)

d 5 .
7D0 9 — K 3 )D} XnB. Z
Q2 =20 Ge2 Qa’Q (x5, Q7) pGLAPD, (x5, Q)

Q2 =200 Gev?2

Not really a theory -
needs the x-dependence of the input
at 03 ~ 1GeV?

xG(xQY)
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Deep inelastic scattering at small xp

Regge limitinDIS: E> Q0= xp < 1

DGLAP evolution = Q2 evolution
HERA data for xD,(x)

d ) B
—D,(xp, =K 3 D, (xn. O°
0220 Gev2 QdQ (x5, 0°) = KpgLapDg (x5, O7)

Q2 =200 Gev?2

Not really a theory -
o needs the x-dependence of the input
’ at 03 ~ 1GeV?

BFKL evolution = xp evolution
(Balitsky, Fadin, Kuraev, Lipatov,

. | . 1975-78)

d
—D,(x3, Q2) = Kprk1.Dg (x5, Q2)
B

Theory, but with problems
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In pQCD: Leading Log Approximation = BFKL pomeron

N (PA +p3)2 ~ 4E?

Leading Log Approximation (LLA(x)):

ay <1, aglns ~ 1
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In pQCD: Leading Log Approximation = BFKL pomeron

s = (pa + pp)? ~ 4E?

Leading Log Approximation (LLA(x)):

ay <1, aglns ~ 1

Py
The sum of gluon ladder diagrams gives
Orop ~ §127 2 BFKL pomeron
Py
Numerically: for DIS at HERA
o~ s93 = x5 03

- qualitatively OK
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BFKL vs HERA data

Fy(xp, Q) = C(QZ)XE/\(QQ)

05

I Combined HERA data —e— I
Smooth cuts: A =0.21 GeV, Q= 0.28 GeV, & =
045 Real cuts: A = 021Ge".l'C| 0.28 GeV, b=

04
035
0.3
025

0.2

015

0.1 ' '

@7 (GeV)

M.Hentschinski, A. Sabio Vera and C. Salas, 2010
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DGLAP vs BFKL in particle production

Collinear factorization (LLA(Q?)):

oy = /dxldxzDg(xl,mH)Dg(xz, My )0gq—H

sum of the logs (aIn Z—%)” In3 ~ 1

my
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DGLAP vs BFKL in particle production

Collinear factorization (LLA(Q?)):

oy = /dxldxzDg(xl,mH)Dg(xz, My )0gq—H

2
sum of the logs (aIn ;"1—%)” lnmig( ~ 1

LLA(x): kr-factorization

oH = / ki dky g(ki,x)8(ky . X8)Tgg 1

m3
X~

- sum of the logs (o Inx;)", In 3
Much less understood theoretically.
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DGLAP vs BFKL in particle production

Collinear factorization (LLA(Q?)):

oy = /dxldxzDg(xl,mH)Dg(xz, My )0gq—H

501

2
sum of the logs (aIn Z—%)” lnm?

LLA(x): kr-factorization

oy = /(//\ diy g (ki xa)g(ky s xXB) 0 gg 1

- sum of the logs (o, Inx;)", In2% ~ 1
Illi\
Much less understood theoretically.

my

For Higgs production in the central rapidity region x; » ~ M~ 0.01 and
we know from DIS experiments that at such xz the DGLAP formalism
works pretty well =- no need for BFKL resummation
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DGLAP vs BFKL in particle production

Collinear factorization (LLA(Q?)):

oy = /dxldXQDg(X1,mH>Dg(X2, mH)agg_m

~ 1

2
sum of the logs (ayIn ”m%)" lnm%(

LLA(x): kr-factorization

oy = /c/k%clk%g(k%.x,\)g(k%,.\"B)U‘QKHH

2
my
5]

- sum of the logs (a;Inx;)", In 4
/II\
Much less understood theoretically.

~ 1

For myx ~ 10GeV (like bb pair or mini-jet) collinear factorization does
not seem to work well = some kind of BFKL resummation is needed.

High-en mplitudes and on lines ENS lectureI 5 Dec 2012 12746

1. Balitsky (JLAB & ODU)



Uses of BFKL: MHV amplitudes in A/ = 4 SYM

MHV gluon amplitudes < light-like Wilson-loop polygons
Alday, Maldacena (at large a;N,)

X _Xg
P =X = X1 SO000000G0Y,
X ! VX
pl.2= 0 \ ;
X Geeeeeee- "X
3 4

Checked up to 6 gluons/2 loops (Korchemsky et. al).
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Uses of BFKL: MHV amplitudes in A/ = 4 SYM

MHV gluon amplitudes < light-like Wilson-loop polygons
Alday, Maldacena (at large a;N,)

X _Xg
p[=xi-xl-1 000000600,
x_ ! VX
pl.2= 0 \ ;
X Geeeeeee- "X
3 4

Checked up to 6 gluons/2 loops (Korchemsky et. al).
BDS ansatz: InAMHY = IR terms +F,, F, = Iup(angles) + (F,I,) +R,)

BFKL in multi-Regge region = asymptotics of remainder function R,
(Lipatov et a)l
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Uses of BFKL: Anomalous dimensions of twist-2 operators

Structure functions of DIS are determined by matrix elements of
twist-2 operators

0 _
OG - FulﬁDuz“'Dﬂj—lF;E

d i Yoy ()
2 4 »l) _ 10 ()
a du? O 4 O
BFKL gives asymptotics of v(; atj — 1 in all orders in o

aS n n n
TG = Z ( =1 ) [C£O) BFKL T O‘~\‘CI(\IL)O BFKL}

Checked by explicit calculation of Feynman diagrams.up to 3 loops in
QCD and N =4 SYM. (Janik et al)

Integrabilility of spin chains corresponding to evolution of N’ = 4 SYM
operators = (; in 5 loops agrees with BFKL (Janik et al).

For all order of pert. theory: Y-system of equations (Gromov, Kazakov,
Viera). Hopefully agrees with BFKL.
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Towards the high-energy QCD

(¢}
total

BFKL
Froissart bound

122 1n2

Otot ™~ § ™ violates
Froissart bound oy < In’s
= pre-asymptotic behav-

10r.
i___ Applicability of
-7 BFKL pomeron

Born Terrrj

True asymptoticsas £ — co = ?
Possible approaches:
m Sum all logs o' In" s
m Reduce high-energy QCD to 2 + 1 effective theory
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Towards the high-energy QCD

(¢}
total

BFKL
Froissart bound

122 1n2

Otot ™~ § ™ violates
Froissart bound oy < In’s
= pre-asymptotic behav-

10r.
i___ Applicability of
-7 BFKL pomeron

Born Terrrj

True asymptoticsas E — oo = ?
Possible approaches:
m Sum all logs o' In" s
m Reduce high-energy QCD to 2 + 1 effective theory

____________________________________________________________|
Lecture II: NLO corrections o1 1n" s
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High-energy scattering and “Wilson lines” in quantum mechanics

WKB approximation: ¥ ~ ¢7’

classical trajectory: T =Vt

S = /(/)c/: — Edt)
= —Ft +/;/:/\/2171('E — V()
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High-energy scattering and “Wilson lines” in quantum mechanics

WKB approximation: ¥ ~ ¢7’

classical trajectory: T =Vt
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High-energy scattering and “Wilson lines” in quantum mechanics

WKB approximation: ¥ ~ ¢7’

classical trajectory: T =Vt

S = /(/)c/: — Edt)
= —Ft +/;/:/\/2m(£ - V()

High energy: E > V(x) =

W(F,1) = KA (VO

U at high energy = free wave x phase factor ordered along the line || v.
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High-energy scattering and “Wilson lines” in quantum mechanics

WKB approximation: ¥ ~ ¢7’

X
1 classical trajectory: T =Vt g — /'(/)d,. — Edr)
A N - :7[;'7+/;/:/\/m
High energy: E > V(x) =
2 U(F 1) = e 7 ER) i ndd V)

U at high energy = free wave x phase factor ordered along the line || v.
The scattering amplitude is proportional to ¥(z = co) defined by
Ury) = e mfZouddVE+es)

Glauber formula: oy = 2 [d?x; [1 — RU(x)]
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High-energy phase factor in QED and QCD

X Se = /(/T {f mc*y 1 — L: —ed + ff[{}
classical trajectory: T =Vt A ¢ c
Sl‘rcc + /5/1‘(7(’(1) + 5?’ X)
il i . = i c
d = phase factor for the high-energy
- scattering is
A () g
Uxy) = e meloti—e@+E7A)
z — eSS A (1)
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High-energy phase factor in QED and QCD

XJ_ Sg - /([T {7 H’l(,'2 1 — \—: —ed + (:FA)}
classical trajectory: T =Vt A ¢ c
= Stree + /5/1‘(—()(1) + i)r' X)
el _______ P . c
a = phase factor for the high-energy
A (t) scattering is
Ux)) = o e 2l (e + VA
V/ _ ef%ffooodt Fp AP (x(1))
INnQCD e — —g, A, — Ay = AG° t“ - color matrices
ig [
= Ulxy,v) = Pexp{h/ dr x, A" (x(1))} Wilson — line operator
c —00

(Laterh=c=1)
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):

-
Q
g>\m\/\/\m 9
Q
D
T 0§
0 g 0ToTTT
0"TTTT 0 q
0 a ieicle]
5 oooowa - 0 g
0 : R ooy
g'mro-c\o o 0
3 g g oooT
[ OoTT Y o
o d L —
P
ﬂ — S~
L N
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):

-
Q
g>\m\/\/\m 9
Q
D
T 0§
0 g 0ToTTT
0"TTTT 0 q
0 a ieicle]
5 oooowa - 0 g
0 : R ooy
g'mro-c\o o 0
3 g g oooT
[ OoTT Y o
9 9 P -
P
ﬂ — S~
L N

40) = [ S iUk U k) B

Formally, » means the operator expan3|on in Wilson lines
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Light-cone expansion and DGLAP evolution in the NLO

N —a — — | —

12 - factorization scale (normalization point)

K2 > p? - coefficient functions
kK% < p* - matrix elements of light-ray operators (normalized at %)
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Light-cone expansion and DGLAP evolution in the NLO

—  — el L . . 4

- factorization scale (normalization point)

K2 > p? - coefficient functions
kK% < p* - matrix elements of light-ray operators (normalized at %)

OPE in light-ray operators (x—y)2 =0

TR0 = gty [+ S0 + O]t nle 00) +0(5)

[~’(-,\'} = Pe'8 /“du (x—=y)PA L (ux+(1—u)y) _ gauge link
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Light-cone expansion and DGLAP evolution in the NLO

— — — _—— - e

12 - factorization scale (normalization point)

K2 > p? - coefficient functions
kK% < p* - matrix elements of light-ray operators (normalized at %)

Renorm-group equation for light-ray operators =~ DGLAP evolution of
parton densities (x—y)>=0

R TT0) = KoB (Ol lo0) + kot )k 1o)
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Four steps of an OPE

m Factorize an amplitude into a product of coefficient functions and
matrix elements of relevant operators.

m Find the evolution equations of the operators with respect to
factorization scale.

m Solve these evolution equations.

m Convolute the solution with the initial conditions for the evolution
and get the amplitude
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DIS at high energy: relevant operators

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):

N
q
g>vv\/\m g
o
q g
0 9 0 g
0 9 0 0
5 3 SIS
0 TTTT Y 0 Q
9 b TTTTY
p oI - 0 g
0 9 %‘m
%‘W 3 g
g g g ooooY
{UD'O‘O‘G 0 q
o qd \—
9 @ "

Als) = [ G ) BITE{U ) U (k)]

U(x,) = Pexp {ig/ duntA,(un+x,) Wilson line

I. Balitsky (JLAB & ODU) High-energy amplitudes and Wilson lines ENS lectureI 5 Dec 2012



DIS at high energy: relevant operators

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):

2
o
g>vv\/\m g
D
b 9 0 g
o 9 0 0
3 3 - oTTTy
SEcieiele) 4
O g Q
Q TTCO Y
p oI - 0 g
0 9 R oooo]
%‘W 3 g
0 g pR—
s ooTo) o q
o q \
— — T L

d*k
A(s) = / o (ko )(B|Te{U(ky )UT (—k.)}|B)
duntA,(un+x,) Wilson line

U(x,) = Pexp {ig/

Formally, = means the operator expansion in Wilson lines
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Rapidity factorization

7 - rapidity factorization scale

Rapidity Y > n - coefficient function (“impact factor”)

Rapidity Y < n - matrix elements of (light-like) Wilson lines with rapidity
divergence cut by n

oo
Ul = Pexp {ig/ dx+AZ_(x+,xL)]
—00

4 .
All(x) = / (;Z:)“e(e"— lo])e A, (k)
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Wilson lines from Feynman diagrams

p=ap;+ Bpr+pL
- Sudakov variables.

2
Suv — ;pl,uPZV

)
ﬁz(k—p)2+ie " B — By — (E;ikp;)i+ieak.
| will prove now that if | replace this by the “eikonal propagator”
2
—Bp + ey’

the value of the loop integral over /3, remains unchanged.
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Wilson lines from Feynman diagrams

k

Qg > Qp, Q

p=api+ Bpr+pL
- Sudakov variables.

2
8uv — ;plupZV

. 72
1. Residue at the pole of quark propagator 5, = 8 — (kafsh
. opt+ap -
Gluon : (e, + o) Bis — (p + p) + (0 + ) Bes — [’Tkl(k — 5?2,

m . 2
Fiirst two terms ~ m* while the second two ~ 22m* (G ~ )

= same result as from the pole at 3, = 0.
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Wilson lines from Feynman diagrams

Qg > Qp, Q

p=api+ Bpr+pL
- Sudakov variables.

2
8uv — ;plupZV

(D3

2. Residue at the pole of a gluon propagator 5, = —3; + e +a,)s =
Quark prop : V2 — V2
. (p+l )J_ B (P‘H)
B = Taprans + Bk = +ieox B Ggay

. 2 2 p/é
(first two terms ~ 2= > second two ~ 7<) < quark pole —35
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Rapidity factorization

7 - rapidity factorization scale

Rapidity Y > n - coefficient function (“impact factor”)

Rapidity Y < n - matrix elements of (light-like) Wilson lines with rapidity
divergence cut by n

oo
Ul = Pexp {ig/ dx+AZ_(x+,xL)]
—00

4 .
All(x) = / (;Z:)“e(e"— lo])e A, (k)
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Spectator frame: propagation in the shock-wave background.

- /\/I\/
Boosted Field

Each path is weighted with the gauge factor Pe’s / %«4"  Quarks and gluons
do not have time to deviate in the transverse space = we can replace the
gauge factor along the actual path with the one along the straight-line path.

Wilson Line

[ x — z: free propagation] x
[U%(z,) - instantaneous interaction with the 1 < 7, shock wave]x
[ z — y: free propagation |

1. Balitsky (JLAB & ODU) High-en mplitudes and Wilson lines ENS lectureI 5 Dec 2012 28/46



Rescaling in the Regge limit

Amplitude = correlation function of 4 scalar currents

A(s,t) = —1'/4112@6_"(”2)L J\/_I/DAeiS(A)det(iV)

X

{/dZ+ /d4x€_ipA'x (j(x,,x+ +z4,x1 + ZL)]‘(O,ZJF,ZL))A}

X

{/dz_ /d4yeip3'y (- +Z—7y+ayL)j(Z—7OaOL)>A} ;

Regge limit: s = (pa + pg)* — oo, p3,p3.t = —r3 - fixed

2

pA:)\/ie_—i—&fie_,_, er-e_ =1, K= 3
s

e
pa = Nkey + Lre_,
s
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“External” shock-wave gluon field

We “freeze” the gluon field, consider the “upper part”

/der /d4xe_ipA.x (i(xfaer +24,x + ZJ_)j(O7Z+,ZJ_)>A

and rescale z; — Azy, 2 — 5 P = key +Yire )
[atxdtz se e P i+ 2)i2))

_ / d*x d*z 6(z_)e P DL (x4 2)j,(2)) s,

The boosted field B, has the form

X_

B*(x77x+7xL) = AA*(Ta)‘XJraxL)a
1 X_

B*(x—7x+7xj_) = A—‘r(ia)‘x-‘rva_)a
A A
X_

By(x_,xi,x1) = AJ_(T)\X—F’XJ_);
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“External” shock-wave gluon field

We “freeze” the gluon field, consider the “upper part”
/dZ+ /d4x€_ipA'x (]'(x,,er +z4,x1 + Zl)j(o, 2+, ZL))A

- 0 ;
andrescale zy — \zy,z- = 5 (p/(R = rey + ke )

/ & dz 5(z)e PP DL (x4 2)j(2))a

_ / d*x d*z 8(z)e PV DL (x + 27, (),

If F.,(A) — 0 as x; — oo we get a “pancake” field for G, (B)
X

G_,-(x_,x_s_,xj_) = )\F_,-(T_,)\er,xJ_) — (S(X_;_)G,'(XJ_),
1 x_
Gii(x—,x4,x1) = XF+i(77M+,X¢) — 0,
1 X_
G+7,ik(x*7x+7xl) = XF+ ,ik(Ta)‘XJﬂxL) — 07
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“External” shock-wave gluon field

We “freeze” the gluon field, consider the “upper part”
/dZ+ /d4x€_ipA'x (]'(x,,er +z4,x1 + Zl)j(o, 2+, ZL))A

_ 0 ;
andrescale zy — \zy,z- = 5 (pf‘) = Kkey + ’%‘He, )

/ & dz 5(z)e PP DL (x4 2)j(2))a

= A/d“x d*z 6(z-)e (0)

P (j(x + 2)ju (2)) 8,

The only component which survives the infinite boost is F_ | and it
exists only within the thin “pancake" near x; = 0. In the rest of the
space the field B, is a pure gauge. Let us denote by 2 the
corresponding gauge matrix and by B the rotated gauge field which
vanishes everywhere except the pancake:

1

01‘
B = lim ?—G?_(O, M, 1) = () =G (x1), B =B =0.
A—r00 ai ai
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Propagators in the shock-wave background

“Pancake” is very thin
(I ~5) =

path inside the shock
wave can be approxi-
mated by a segment of
the straight line in x di-
rection

1 —i [® x(T)=x 2 T
— W= 4 Dx(t)e " Jo @5 p, '/dtBQ )i (t
(lph) =5 | o x(1)e expis | a8 )50}

_ [d a0 1 , 0
= \/471_4 5(Z+) (x — Z)2 82_ (Z — y)2 Pexp{lg /dZ+B(Z+’ZL)}
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Propagators in the shock-wave background

“Pancake” is very thin
(I ~5) =

path inside the shock
wave can be approxi-
mated by a segment of
the straight line in x di-
rection

(x Pz\y / dr / 0):y o I Pexp{lg / Tdt(Bf}(x(t))xﬂ(z)}

<—>

d*z 1
N /4774 o(z+) (x — z)2 82_ (z—y)? Ua)
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Propagators in the shock-wave background

Rotating back B¥ — B
we get
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Propagators in the shock-wave background

Quark propagator

(x‘;D|y) = i/dz5(2+)2x_z/

2(x — Z)4 ¢+U(Zl;x7y)

=

2m2(z —y)*

I. Balitsky (JLAB & ODU) High-ener litudes and Wilson lines ENS lectureI 5 Dec 2012



Propagators in the shock-wave background

Quark-antiquark pair in a
shock-wave background

Te{o (e 5 ) Ol 9} = = [aeao(e)a(@,)

xtr{vuz%(l Z)4¢+27TZ( )/)471/ }Zy Z/)4¢+2ﬂz(/_xx)4}U(zL;zl)

Ulz1,2)) = Trlze 5[z, 5[z, 2 [ 2]
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High-energy expansion in color dipoles

ven i
a

T — : — : D — — . : D—

The high-energy operator expansion is

. - A d2z,d? .
(x = ) T{O ()Y D ()Y ()Y b (y)} = / ZZ14 =2 021, 22)r{ U2 ULD
12

R2 0?
5(n ) (- G) Oxr Oy 1[(
(T — .\'2/)2 + .X‘A> — \ﬂ\

4[ = (T +Z,‘2L/)2+31'L)~ R =

L)(z,2) = k-Q)(R-Q) — lff (G- Q)]

R =
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High-energy expansion in color dipoles

+...
7 - rapidity factorization scale
Step Il - Evolution equation for color dipoles
d Ol (X—y)2
—w{uruin = dr—— " _[w{uruime{urul"
R B e e H L (LU VA

— N{UTUI"}] + aKnpotr{UTUS} + O(a?)

(Linear part of Knpo = KNLo BFKL)
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Evolution equation for color dipoles

|
To get the evolution equation, consider the dipole with the rapidies up
to n; and integrate over the gluons with rapidities n; > n > n,. This
integral gives the kernel of the evolution equation (multiplied by the
dipole(s) with rapidities up to 7).

as(m — 1) Kevol ®
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Evolution equation in the leading order

d_ . . -
d—nTr{UnyT} = KLoTr{U,Uf} + ... =

d A ~ A
% (TI'{ U, U;[ }>shockwave = <KLOTr{ UU ;[ }>shockwave

U = Te(i"U"UT} = (UUH) = (UU)" + ag(m — ) (UUTUUN™

= Evolution equation is non-linear
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Derivation of the non-linear equation

The gluon propagator in a shock-wave external field in the A, = 0 gauge

(AL ()AL ()

o >0>yy 0 7 )x+gi5—e:[(x—z)é a 1Y +5l£_g+(y—z)i
- 2 ) O TR e e o0 =y +id?

Diagram (a) = ¢ / dx+/ dyy (ALY (e, x AT (54, v 1) DFig. )

eYlda Pi b Pi
1 1

o [
0« p] —ie  pl —ie

(L |Flp)lyr) = fd‘p P LF(p, ) - Schwinger’s notations
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Derivation of the non-linear equation

Formally, the integral over « diverges at the lower limit, but since we integrate
over the rapidities Y > Y, in the leading log approximation, we get (AY = Y, — 1)

0
Di Di
/ dx+/ dyy (ALY (xp X )AEY (v, 31 ) Rig (1) = 4asAY(x¢|pTlU“hpTl y1)
1 1

v v g b 2 (213,223)

= (U@ U@ = —SAY (U, @ ujz)/d oy

The contribution of the diagram in Fig. (b) is obtained by the replacement

U, ® (US, — Ut ® UL, 2, ¢ z;. The two remaining diagrams(c) and (d) are

obtained by z, — z; for Fig.(c) and z; — z, for Fig.(d).
Result:

o AY 1 .
(IO T pigsy @) = — / d*z3515- Z” [Tr{¢"U., UL U, UL, b= 5 U Ui}
Z c -

132 23
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Derivation of the non-linear equation

Diagrams without the gluon-shockwave intersection:

These diagrams are proportional to the original dipole Tr{U,, sz} = corresponding term
can be derived from the contribution of Fig. (a)-(d) graphs using the requirement that the
r.h.s. of the evolution equation should vanish in the absence of the shock wave (U — 1).

1Y FT aAY [ Z12 a t ty 1
monory = 25T [ s U, UL U UL ) N0, L)

= non-linear equation for the evolution of the color dipole

Do e B T v s PE PAY .
2.2 [Te{OF UV Te{UF U1} — NTe{ U U1}

d PN as [
—T{U' U1} = = [d*z
% 1‘{ S las) } 2 3
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Non linear evolution equation

() = 1= {00 (1)}

BK equation

N, d*z (x —y)?
272 ) (x—2)*(y — 2)?

{Ux.2) +8(y) ~Uy) - U0 )

d -~
%u(xa y) -

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
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Non-linear evolution equation

() = 1= {00 (1)}

BK equation

d -~ asN, d*z (x —y)? 5 3 " . .
i) = 55 | o Tt o) + ) () - U @ ) |

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)

LLA for DIS in pQCD = BFKL (LLA: oy < 1, c4m ~ 1)
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Non-linear evolution equation

() = 1= {00 (1)}

BK equation

d - _aNe [ dPz(x—y)* (- - 5 5 .
) = 53 | G D) + () — Uley) — Ul () |
I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
LLA for DIS in pQCD = BFKL (LLA: oy < 1, 5m ~ 1)

LLA for DISin sQCD = BKegn  (LLA: a5 < 1, a5 ~ 1, a,A'/3 ~ 1)
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Argument of coupling constant

d ~
Iu(Zl, ZZ)

as(?1 )N, 2 N N N N -
2 / 2 u (z1,23) +U(z3,22) — U(z1,22) — U(Zlvzs)u(zazz)}
2 Z13 23
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Argument of coupling constant

d -~
IU(Zl,Zz)

Oés

N . . N
/ le (21,Z3) +Z/I(Z3,22) —U(z1,22) — Z/l(zl,23)2/{(23,Z2)}
2033

Renormalon-based approach: summation of quark bubbles

1 2
= 3Ne — 31y
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Argument of coupling constant (rcBK)

d (z ) - P
d—nTr{U ULy = =22 / d*z [Tr{U., UI }Tr{U., U } — N.Tr{U., U} }]
y [ Zi +1<as(ﬁ3) _1>+1(as(zz 3) _1>}

2 .2 2 2

3%y 23 Nas(ay) 253 \ai(2d3)

[.B.; Yu. Kovchegov and H. Weigert (2006)

When the sizes of the dipoles are very different the kernel reduces to:

ag(2) 7,

LI |212| < |Zl3|, |Z23|
(2

Sl 23] < |z1a), 223l
(2

C;;%gj |223| < |z12], |z13]

= the argument of the coupling constant is given by the size of the
smallest dipole.
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rcBK@LHC

1.8 p-Pb (5 =5.02 TeV E

R

Saturation (CGC), rcBK-MC 3 ALlCE aI’XIV1 21 04520
0.6! Saturation (CGC), rcBK E
0.4 I Saturation (CGC), IP-Sat =
1.8 Shadowing, EPS09s (%) E
1.6 LO pQCD + cold nuclear matter =

Nuclear modification factor

Pb
] R (pr) = d*NG, " /dndpr
) (Typpp)d?oyy) [dndpr
1.8F HIJING 2.1 jéﬁ?ng =028 3 i
1.6 ——— - DHC, no shad. E Npr = Charged partIC|e

— DHC, no shad., indep. frag.

yield in p-Pb collisions.

1 1 1 L 1 1 I L 1 o
2 4 6 8 10 12 14 16 18 20
P, (GeV/c)
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