Lecture I highlights:

m Rapidity factorization and High-energy operator expansion in

Wilson lines.

m Evolution equation for color dipoles.

m Propagators in a shock-wave background.

m Leading order: BK equation.
NLO high-energy amplitudes in N’ = 4 SYM
Conformal (Mébius) invariance of the LO BK kernel
Conformal composite dipoles and NLO BK kernel in A/ = 4.
Regge limit in the coordinate space.
NLO amplitude in ' = 4 SYM
NLO high-energy amplitudes in QCD
m Photon impact factor.
m NLO BK kernel in QCD.
|
|

rcBK.
Conclusions
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In pQCD: Leading Log Approximation = BFKL pomeron

N (PA +p3)2 ~ 4E?

Leading Log Approximation (LLA(x)):

ay <1, aglns ~ 1
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In pQCD: Leading Log Approximation = BFKL pomeron

s = (pa + pp)? ~ 4E?

Leading Log Approximation (LLA(x)):

ay <1, aglns ~ 1

Py
The sum of gluon ladder diagrams gives
Orop ~ §127 2 BFKL pomeron
Py
Numerically: for DIS at HERA
o~ s93 = x5 03

- qualitatively OK
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BFKL vs HERA data

Fy(xp, Q) = C(QZ)XE/\(QQ)

05

I Combined HERA data —e— I
Smooth cuts: A =0.21 GeV, Q= 0.28 GeV, & =
045 Real cuts: A = 021Ge".l'C| 0.28 GeV, b=

04
035
0.3
025

0.2

015

0.1 ' '

@7 (GeV)

M.Hentschinski, A. Sabio Vera and C. Salas, 2010
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Towards the high-energy QCD

(¢}
total

BFKL
Froissart bound

122 1n2

Otot ™~ § ™ violates
Froissart bound oy < In’s
= pre-asymptotic behav-

10r.
i___ Applicability of
-7 BFKL pomeron

Born Terrrj

True asymptoticsas £ — co = ?
Possible approaches:
m Sum all logs o' In" s
m Reduce high-energy QCD to 2 + 1 effective theory
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Towards the high-energy QCD

(¢}
total

BFKL
Froissart bound

122 1n2

Otot ™~ § ™ violates
Froissart bound oy < In’s
= pre-asymptotic behav-

10r.
i___ Applicability of
-7 BFKL pomeron

Born Terrrj

True asymptoticsas E — oo = ?
Possible approaches:
m Sum all logs o' In" s
m Reduce high-energy QCD to 2 + 1 effective theory

____________________________________________________________|
Lecture II: NLO corrections o1 1n" s
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Four steps of an OPE

m Factorize an amplitude into a product of coefficient functions and
matrix elements of relevant operators.

m Find the evolution equations of the operators with respect to
factorization scale.

m Solve these evolution equations.

m Convolute the solution with the initial conditions for the evolution
and get the amplitude

I. Balitsky (JLAB & ODU) High-en mplitudes and ines ENS lecture I’ 12 Dec 2012 5/63



DIS at high energy: relevant operators

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):

N
q
g>vv\/\m g
o
q g
0 9 0 g
0 9 0 0
5 3 SIS
0 TTTT Y 0 Q
9 b TTTTY
p oI - 0 g
0 9 %‘m
%‘W 3 g
g g g ooooY
{UD'O‘O‘G 0 q
o qd \—
9 @ "

Als) = [ G ) BITE{U ) U (k)]

U(x,) = Pexp {ig/ duntA,(un+x,) Wilson line
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DIS at high energy: relevant operators

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):

2
o
g>vv\/\m g
D
b 9 0 g
o 9 0 0
3 3 - oTTTy
SEcieiele) 4
O g Q
Q TTCO Y
p oI - 0 g
0 9 R oooo]
%‘W 3 g
0 g pR—
s ooTo) o q
o q \
— — T L

d*k
A(s) = / o (ko )(B|Te{U(ky )UT (—k.)}|B)
duntA,(un+x,) Wilson line

U(x,) = Pexp {ig/

Formally, = means the operator expansion in Wilson lines
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Rapidity factorization

7 - rapidity factorization scale

Rapidity Y > n - coefficient function (“impact factor”)

Rapidity Y < n - matrix elements of (light-like) Wilson lines with rapidity
divergence cut by n

oo
Ul = Pexp {ig/ dx+AZ_(x+,xL)]
—00

4 .
All(x) = / (;Z:)“e(e"— lo])e A, (k)
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Spectator frame: propagation in the shock-wave background.

- /\/I\/
Boosted Field

Each path is weighted with the gauge factor Pe’s / %«4"  Quarks and gluons
do not have time to deviate in the transverse space = we can replace the
gauge factor along the actual path with the one along the straight-line path.

Wilson Line

[ x — z: free propagation] x
[U%(z,) - instantaneous interaction with the 1 < 7, shock wave]x
[ z — y: free propagation |
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Propagators in the shock-wave background

Quark-antiquark pair in a
shock-wave background

Te{o (e 5 ) Ol 9} = = [aeao(e)a(@,)

xtr{vuz%(l Z)4¢+27TZ( )/)471/ }Zy Z/)4¢+2ﬂz(/_xx)4}U(zL;zl)

Ulz1,2)) = Trlze 5[z, 5[z, 2 [ 2]
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High-energy expansion in color dipoles

ven i
a

i = — : 7 — — . : D—

The high-energy operator expansion is

= - = - d*z1d? .
(x = VT VP X))V D ()} = / ZZ‘4 2 [0z, )te{ U7 U1
12

R? o?
7o (k- C) (k- () 5‘x“8y"1[(

B —pr ) =
& (¢ G)

i = (g ), R = 50—
¢ (s L L) 2k C) (k- G)
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High-energy expansion in color dipoles

+...
7 - rapidity factorization scale
Step Il - Evolution equation for color dipoles
d Ol (X—y)2
—t{UUI"} = &7 [ {UTU" Y
R B e e H L (LU VA

— N{UTUI"}] + aKnpotr{UTUS} + O(a?)

(Linear part of Knpo = KNLo BFKL)
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Evolution equation for color dipoles

|
To get the evolution equation, consider the dipole with the rapidies up
to n; and integrate over the gluons with rapidities n; > n > n,. This
integral gives the kernel of the evolution equation (multiplied by the
dipole(s) with rapidities up to 7).

as(m — 1) Kevol ®

1. Balitsky (JLAB & ODU) High-en mplitudes and ines ENS lecture I 12 Dec 2012 11/63



Evolution equation in the leading order

d_ . . -
d—nTr{UnyT} = KLoTr{U,Uf} + ... =

d A ~ A
% (TI'{ U, U;[ }>shockwave = <KLOTr{ UU ;[ }>shockwave

U = Te(i"U"UT} = (UUH) = (UU)" + ag(m — ) (UUTUUN™

= Evolution equation is non-linear
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Derivation of the non-linear equation

The gluon propagator in a shock-wave external field in the Ay = 0 gauge

A 1 ad eiia(xfy)o
(AS(0AL(y) = — /0 da

2

I 2 2 s
X Cale " g = 2 ipae + )| U [ = oG+ paup) [ )
2 e 0 1ay 2b.Y
Diagram (a) = g / dx, / dyy (RS (e X DARY (3 v e o
0 —00

ce¥l da i
i
= 74as/ (XJ_‘ 2 Uab ‘yl)
0o « ri - pj_

(x |F(p)lyL) = [ap &P+ F(p,) - Schwinger’s notations
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Derivation of the non-linear equation

Formally, the integral over « diverges at the lower limit, but since we integrate
over the rapidities Y > Y, in the leading log approximation, we get (AY = Y, — 1)

00 0 . .
gz/ dx+/ dyy (A" (xp,x)A! 45y 1))Fig.(a) = *4asAY(xi|pTanhp71 y1)
0 —o0 P Pl

v v g b 2 (213,223)

= (U@ U@ = —SAY (U, @ ujz)/d oy

The contribution of the diagram in Fig. (b) is obtained by the replacement

U, ® (US, — Ut ® UL, 2, ¢ z;. The two remaining diagrams(c) and (d) are

obtained by z, — z; for Fig.(c) and z; — z, for Fig.(d).
Result:

~vy A Z
A O0 O -0 = 2 [ a5 (TP U, UL AU UL~ (U, UL

132 23
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Derivation of the non-linear equation

Diagrams without the gluon-shockwave intersection:

These diagrams are proportional to the original dipole Tr{U,, sz} = corresponding term
can be derived from the contribution of Fig. (a)-(d) graphs using the requirement that the
r.h.s. of the evolution equation should vanish in the absence of the shock wave (U — 1).

1Y FT aAY [ Z12 a t ty 1
monory = 25T [ s U, UL U UL ) N0, L)

= non-linear equation for the evolution of the color dipole

Do e B T v s PE PAY .
2.2 [Te{OF UV Te{UF U1} — NTe{ U U1}

d PN as [
—T{U' U1} = = [d*z
% 1‘{ S las) } 2 3
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Non linear evolution equation

() = 1= {00 (1)}

BK equation

N, d*z (x —y)?
272 ) (x—2)*(y — 2)?

{Ux.2) +8(y) ~Uy) - U0 )

d -~
%u(xa y) -

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
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Non-linear evolution equation

() = 1= {00 (1)}

BK equation

d -~ asN, d*z (x —y)? 5 3 " . .
i) = 55 | o Tt o) + ) () - U @ ) |

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)

LLA for DIS in pQCD = BFKL (LLA: oy < 1, c4m ~ 1)
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Non-linear evolution equation

() = 1= {00 (1)}

BK equation

d - _aNe [ dPz(x—y)* (- - 5 5 .
) = 53 | G D) + () — Uley) — Ul () |
I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
LLA for DIS in pQCD = BFKL (LLA: oy < 1, 5m ~ 1)

LLA for DISin sQCD = BKegn  (LLA: a5 < 1, a5 ~ 1, a,A'/3 ~ 1)
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Example of the diagrams left be-
hind by the NL egn: pomeron
loops

Non-linear equation sums up
the “fan” diagrams
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Timeline for the NL evolution at high energies

Gribov, Levin, Ryskin (1983) - GLR eqgn suggested
Mueller, Qui (1986) - DLA limit of GLR eqgn proved
[.B. (1996) - the NL equation derived

Kovchegov (1999) - the NL eqgn rederived (in the dipole model)
and used for DIS from large nuclei

m Braun (M.A.) (2000) - NL = GLR + 3-pomeron vertex from Bartels
et. al.

= JIMWLK(2000) - obtained from the RG eqgn for Color Glass
Condensate
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“Phase diagram” of high-energy QCD

saturation region
Color Glass Condensate

>
)

)

& | ( can be understood
%, ' by small coupling methoc
e

In 1/x - v BK
non—peﬁurbative BEKL
region
(not much is known DGLAP
_—
coupling is large) o’
— 2
a,~1 /\QCD a, << 1

short distances ——=

High-energy amplitudes and Wilson lines ENS lecture I 12 Dec 2012
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Why NLO correction?

m To check that high-energy OPE works at the NLO level.
m To determine the argument of the coupling constant.

m To get the region of application of the leading order evolution
equation.

m To check conformal invariance (in A'=4 SYM)
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
[oop1 +x1, —oop1 +x1] = Pexp {ig/ dx* A+(x+7n)}
—00

is invariant under inversion (with respect to the point with x= = 0).
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
[oop1 +x1, —oop1 +x1] = Pexp {ig/ dx* A+(x+7n)}
—00
is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(xt,x1)? = —x% = after the inversion x; — x, /x* and x* — xT /x4
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
[oop1 +x1, —oop1 +x1] = Pexp {ig/ dx* A+(x+7n)}
—00
is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(xt,x1)? = —x% = after the inversion x; — x, /x> andx* — xT /23 =

B el as xtoxg x| x|
[oopi+x1, —oopi+x1] — Pexp {lg/ d—zA+(—2,—2)} = [oop1+—5, —oop1+—57]
J—oo X] XX X1 X1
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
[oop1 +x1, —oop1 +x1] = Pexp {ig/ dx* A+(x+7XL)}
—00
is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(xt,x1)? = —x% = after the inversion x; — x, /x> andx* — xT /23 =

0o +
[oopi4x, —oopi+x1] — Pexp {ig/ d— Ai(—, >
oo X Xy x
J—oo X IEat

X X

X X
)} = loopi+y, —oopi+75]
X1 X1

=The dipole kernel is invariant under the inversion V(x,) = U(x, /x3)

a; [d*z (x—y)? 7
272 / 7 (x—2)%(z—y)?

1 . .
;—Tr{ V Vit = [Tr{ViVIYTe{V.VI} — N.Te{V, VI }]
dn : 2 ; ;
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Conformal invariance of the BK equation

SL(2,C) for Wilson lines

i

S_ =K' +iK?), So= %(D+ M), §,. = %(Pl — iP?)

[\S]

. R 1. . R
[So, S+] = £S5+, E[SJ”S,] = So,

[S_,U(z,2)] = 28,0(2,2), [%,U(2,2)] = 20.0(z,2), [S+,0(z,7)] = —8,0(z,7)

1. Balitsky (JLAB & ODU) High-en mplitudes and ines ENS lecture I 12 Dec 2012
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Conformal invariance of the BK equation
SL(2,C) for Wilson lines

S_ =

LK iKY, = %(D+ M), §,. = %(Pl —iP?)

N~

1. - N
=[S4+,5-| =S
2[ +> ] 0,

[S_,0(z,2)] = 28,0(z,2), [S0,U(z,2)] = 20.0(z,2), [S+,U(z,2)] = —0,U(z,2)

[So, S2] = £84,

Conformal invariance of the evolution kernel

asN

[S_,Tr{U Uil = dz K (x,y,2)[S—, Te{ U, U} Tt{ U, U}}]

0 5 0 8
= |:X a—’—y 67+Z 5}K(x,y,z) =0
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Conformal invariance of the BK equation
SL(2,C) for Wilson lines

S_ =

LK +iKY), So= %(D+ M), §,. = %(Pl —iP?)

N~

1. - A
=[S4+,5-| =S
2[ +> ] 0,

[S_,0(z,2)] = 28,0(z,2), [S0,U(z,2)] = 20.0(z,2), [S+,U(z,2)] = —0,U(z,2)

[So, S2] = £84,

Conformal invariance of the evolution kernel

asN

[S_,Tr{U Uil = dz K (x,y,2)[S—, Te{ U, U} Tt{ U, U}}]

8 ,9 a
N [x — 5 5 = a—}K(x,y,z)zO

In the leading order - OK. In the NLO - ?
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Expansion of the amplitude in color dipoles in the NLO

The high-energy operator expansion is
T{OX)O(y)} — / Pardzr 102y, 2) Tr{ 07 U1}
1 . . A
+ / d*71d*2d% 7 INO (21,20, 23) [ﬁTr{T" uroinTun uiny — Te{ U7 Ui}
In the leading order - conf. invariant impact factor

ho = 24, =000 OZWL cep oo
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NLO impact factor

INLO (

mZz "¢

X, Yi21,22,2351) = —
Y 3 K25 43, ]) 772212Z23 4 2

The NLO impact factor is not Mébius invariant = the color dipole with the
cutoff n is not invariant

However, if we define a composite operator (a - analog of p =2 for usual OPE)

A~ A~ 1» A A~
(Te{U2 U1} = Te{U7 U1}

)\ 2 ZZ2 ~ ~ ~ ~ ~ ~ aZZ
+ 53 4o Z%;Z%B [Te{T" 07 UI'T" U2 U} — N Te{U? UI"}] In 2 23 + 0(\?)

the impact factor becomes conformal in the NLO.
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Operator expansion in conformal dipoles

T{OO()} = / 212 X0z, ) Tr{ 07 D7y

1 A A NN A
+ / drd?d s NP (21,22, 23) [ETr{T" Ur o un Uiy — te{ U7 U1}

3722
A 2 2, eMas? .
PNO = - 02 a2 e T2D B 22 irgoc
2 213923 213423

The new NLO impact factor is conformally invariant
= Tr{U UI"}onf is Mébius invariant

We think that one can construct the composite conformal dipole operator order
by order in perturbation theory.

Analogy: when the UV cutoff does not respect the symmetry of a local
operator, the composite local renormalized operator in must be
corrected by finite counterterms order by order in perturbaton theory.
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Non-linear evolution equation in the NLO

d
%Tr{UxU;f} =

2 _u)\2
/ 572 <°‘(x—(z)2(§)—y)2 + aKnzo(x, y, z)) [T-{UUYTH{U,UT} — N.TH{ULULY +

h / dzzd2z'<K4(x,y7z,z’){UmUj,,Uz,U;}+K6(x,y,z, WU, UL, Uz, Uz, UL UI}>

Knro is the next-to-leading order correction to the dipole kernel and K,
and K are the coefficients in front of the (tree) four- and six-Wilson line
operators with arbitrary white arrangements of color indices.
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Definition of the NLO kernel

In general

1 o A Ay PN .
;—Tr{U\U“} = a,KLoTH{ U U1} + a2KnioTr{ U Ul } + 0(a?)
dn
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Definition of the NLO kernel

In general

;—Tr{U\U“} = a,KLoTH{ U U1} + a2KnioTr{ U Ul } + 0(a?)
dn

PN d PN PN
a?KnLoTr{U. U} = d—nTr{UXU; } — a,KLoTr{U.Uf} + 0(a3)
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Definition of the NLO kernel

In general

1 P PN PPN .
;—Tr{U\U“} = a,KLoTH{ U U1} + a2KnioTr{ U Ul } + 0(a?)
dn

PN d PN PN
2KnioTr{ 0,0} } = d—nTr{UxU; } = aKLoTr{U U} + 0(a3)
We calculate the “matrix element” of the r.h.s. in the shock-wave background

(@2KnLoTr{ U, U1 }) = %(Tr{f]xf];}) — (Ko Tr{ U, U] }) + 0(a?)
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Definition of the NLO kernel

In general

d

ymild {001} = K oTr{ U U1} + 2Ky o Tr{ U U} + 0(c)
dn

PN d PN PN
a?KnLoTr{U. U} = d—nTr{UXU; } — a,KLoTr{U.Uf} + 0(a3)
We calculate the “matrix element” of the r.h.s. in the shock-wave background

(0 KnLoTr{U U }) = d (Tr{U Ul = (asKLoTr{U,U}) + 0(a3)

Subtraction of the (LO) contribution (with the rigid rapidity cutoff)
= H prescription in the integrals over Feynman parameter v
+

V

Typical integral

! 1 1 1 (k—p)
dv - {7} — In————=
Jo (k — ]J) v Ap (1 —=v)lvly Pl i
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Gluon part of the NLO BK kernel: diagrams

1

. ; .
) " i B (i . (1X)

(x) (Xt L (it B (X1v) o xv)




(xvi (xvin)

(XXt (XXl

‘ (xXxvi) ‘ (xXxvi “ (xvin (XXIX) (XXX)




Diagrams for 1—3 dipoles transition

%Q%‘." S K \
o) ‘ oo . XXX 4 (XXx1v)
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"Running coupling” diagrams

“ vy
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1 — 2 dipole transition diagrams
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Gluino and scalar loops




Evolution equation for color dipole in VV = 4

R

= [, {1 ol [”—Zmém ?}}
i 213223 ar L3 i 2

x [Te{T*U2 U T U2 UI"} — N Te{U2 U7}

- o /‘1213‘1254 bt [] 213 } In 213224
4rt By T 304 — B384 T

« Tr{ [Ta? Tb} U;]I Ta’ Tb’ U;[ZU + TbTa U;/I [Th/, Ta/] OZT;I}(Ug)aa’(Ug o 07] )bb’

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff a < o = 7 in the rapidity
of Wilson lines.
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Evolution equation for color dipole in VV = 4

R

= [, {1 ol [”—Zmém ?}}
i 213223 4m L3 2

x [Te{T*U2 U T U2 UI"} — N Te{U2 U7}
o? / d’z3d*z 73,73 { | 23275 } n 2323,
4rt By T 304 — B384 T

% TI'{ [Ta? Tb} Ué]l Ta' Tb’ UJZI] 4 TbTa 0;/I [Th/, Ta/] szr/}(fjg)aa’([jzrﬁ o U;Q )hb’

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff a < o = 7 in the rapidity
of Wilson lines.

For the conformal composite dipole the result is Mdbius invariant
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Evolution equation for composite conformal dipoles in N = 4

d P f
;W%WW“

2 2
Z CKN i AA A A A A f
= 5 @ 2 [1 = ST ({1 UL O T 0, U1} = NeT{ U O

2
™ 3303 4
2 2.2 2.2 2.2
a; o a z 21,2 77,2 7732
— g | dBd s iy {2111 ;2;44'[14' o }ln 3 %4}
213224734 214223 213224 — 214423 214203

< Te{ [T, TO) U T T U7 + 10107 [T, 7| UIM} [(U7)* (U1 — (24 — 23)]

Now M®bbius invariant!
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NLO BFKL equation in ' =4 SYM

To find A(x, y; X', y’) we need the linearized (NLO BFKL) equation. With two-gluon
accuracy

Ulx,y) = 1 -

OOl

c

Conformal dipole operator in the BFKL approximation

U (e12) = U0z, 2)+ 2N [zt 2 () )+ (20, 20) U 1, 2)
conf\Z1,22) = 21,22 42 5 5 I——>5 21,423 22,23 1,22
333 23403
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NLO BFKL equation in ' =4 SYM

To find A(x, y; X', y’) we need the linearized (NLO BFKL) equation. With two-gluon
accuracy

Ulx,y) = 1 -

OOl

c

Conformal dipole operator in the BFKL approximation

am m agNe 2 Z%Z aZ%Z m m m
uconf(zlvzz) = U"(z1,22)+ 42 2 2 In 22 " (z1,23)+U" (22, 23)—U" (21, 22)]
3%3 213823

Define

Ucont(21,22)

N agN, z ae®z2, . N ~
= U"z1,22) + /dzz A2 S SRz, 33) + UN22,23) — U (21, 22)] + -
4 21333 2133

such that 4442 (z1,z,) = 0.

dn™"conf

=The evolution can be rewritten in terms of a
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NLO BFKL equation in ' =4 SYM

NLO BFKL

d -
a%ugonf(zl ) Zz)

2
asNe 2 212 CY_SN 7Z' ~a ~a
= ) d’z 2 2 4 3 [ conf(zl>z3)+uconf(z27z3) _Z/{conf(Zl-,Zz)]
™ 213323
2072 2 2.2 2.2 2.2 2.2
agN; [d d’z 212434 212934 212434 1 Z13224
+ = 7 R ALl | i w > 5 |55 A0 ni(23, 24)
8w Z 2732 7542 293254 — 2742 7242
34 13324 14223 13224 — 214523 14423
3a2N?
+ C( ) conf(zlvzz)

2T 3

Eigenfunctions are determined by conformal invariance

~ . _ 1,
Zip (ativtST Zip 13tiv—h
E,n(z10,220) = |2

Z10220 210220

The expansion in eigenfunctions
2 d “a
U (z1,2) Z d°zo dV Eyn Z10,Zzo)Uz(,,,n = a%uz(),u,n = w(n, V)um v

w(n,v) = pomeron intercept = eigenvalue of the BFKL equation
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Pomeron intercept

Pomeron intercept = the eigenvalue of the BFKL equation

o 1 asN, 1
winv) = ZN|x(n, 5 +iv) + S0 5 +iv),

7T2
6(n,y) = 6¢(3) - gx(nav) = X" (n,7) = 2®(n,v) —2®(n,1 — )

where 7 = | + iv and
x(n,7) = 20(1) = (v + 3) = (1 =7+ 3)
! 7T2 n
B(n,7) = /0 %ﬂ*”%{ﬁ—%d/( ;1) ~ Lis(f) — Lin(—1)
o~ (=) S k
S GERETORIEDED S =S I Gt D 1}
k=1 k=1
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Pomeron intercept

Pomeron intercept = the eigenvalue of the BFKL equation

O 1 . N, 1 .
—N, |: ' A ' A :l ’
—Ne x(n 2—|—w)—|— yym o(n 2+ll/)

€
=
E

S
>

I

7T2
6(n,y) = 6¢(3) - gx(nav) = X" (n,7) = 2®(n,v) —2®(n,1 — )

where 7 = | + iv and

X(n7) =2¢(1) =9y +3) =¥l =7+ 3)
! 7T2 n
®(n, ) = /0 %ﬂ*“%{ﬁ—%d/( ;1)—Li2(t)—Li2(—t)
— (—1)f S * k
_ (¢(n+1)—1/1(1)+1n(1+t)+ Zk+n)lnt—z(k+n)2[l—(—l) ]}
k=1 k=1

Coincides with Lipatov & Kotikov
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Conformal four-point amplitude

A(x,y,X YY) = (x — ) = ¥)*'NHOx)OT(»)O()OT ()

O =Ti{Z*} (Z = J5(¢1 + i¢2)) - chiral primary operator
In a conformal theory the amplitude is a function of two conformal ratios

A = F(R,R)
PN € e G e 1 VN e ) i Gl O
(x=x)2(y=y)* (x=y)?( =)
At large N,
Alx,y,x',y) = A(gch) gch = A — ‘t Hooft coupling
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Conformal four-point amplitude

A(x,y,X YY) = (x — ) = ¥)*'NHOx)OT(»)O()OT ()

O =Ti{Z*} (Z = J5(¢1 + i¢2)) - chiral primary operator
In a conformal theory the amplitude is a function of two conformal ratios

A = F(R,R)
PN € e G e 1 VN e ) i Gl O
(x=x)2(y=y)* (x=y)?( =)
At large N,
Alx,y,x',y) = A(gch) gch = A — ‘t Hooft coupling

AdS/CFT gives predictions at large A — oo.

I. Balitsky (JLAB & ODU) High-ene: a n lines ENS lecture I 12 Dec 2012 41/63



Conformal four-point amplitude

A(x,y,X YY) = (x — ) = ¥)*'NHOx)OT(»)O()OT ()

O =Ti{Z*} (Z = J5(¢1 + i¢2)) - chiral primary operator
In a conformal theory the amplitude is a function of two conformal ratios

A = F(R,R)
PN € e G e 1 VN e ) i Gl O
(x=x)2(y=y)* (x=y)?( =)
At large N,
Alx,y,x',y) = A(gch) gch = A — ‘t Hooft coupling

AdS/CFT gives predictions at large A — oo.
Our goal is perturbative expansion and resummation of (A 1ns)" at large energies
in the next-to-leading approximation

(M ns)"(cEO + NEON)

n
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Regge limit in the coordinate space

Regge limit: xy — px4, X\ = X, y- = ply_, Y. = ply—

p,p — oc

Full 4-dim conformal group: A = F(R,r)

_ =W Y PR Pxa Xl y -y 00
I T IR g A C e
BN C 5 ) RC b il S b )i it Wi
(=20 — Y-y — )

(= y)ixpy_ +xy (x—y)]
y

T ay (= )3 Xy (=)
(x_x,)zl( —y’)lx+x+y y
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4-dim conformal group versus SL(2, C)

/

Regge limit: x; — pxy, X/, — pxX,y_ = ply_, ¥ — ply—_

p,p — o0

X+ s X1

X_, X1

Regge limit symmetry: 2-dim conformal group SL(2, C) formed from
P1,P>,M" D, K, and K, which leave the plane (0,0,z, ) invariant.
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Pomeron in a conformal theory

A it ) "2 [y FulwOu ) O )R RO

L. Cornalba (2007)
fr(w) =

- - signature factor

Q(r,v) - solution of the eqn (O, + v + 1)Q(r,v) = 0.
Explicit form:

v, K2 3+iv K 3—iv sinvp NG
00) = 5 [P gie) (Gomae) = e oY

2
z
¢=p +AP2+Z¢7

pi=p3=0, 2(p1,p2) =s
1 2 1 y2 2.2 1
K = 2x+(p1—*P2+xL)—Z(P1—*Pz-i-yl) e =5
/2 y/2 r
_ - Ak - AV
pz+x¢) y,_(Pl P2 YL (k- k) R

The dynamics is described by w(A, v) and F(\, v).
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Pomeron in the conformal theory

A(xvy;x/:y/) §=200 é/dyf+(w()\7y))F(A’V)(z(n V)Rw(/\,u)/z

Pomeron intercept w(v, ) is known in two limits:
A 2
1. A=0: w(v,\) = =x(v) + \wi(v) + ...
™

x(v) =2¢(1) — u(% +iv) — U(% — iv) - BFKL intercept,

wi(v) - NLO BFKL intercept Lipatov, Kotikov (2000)
2+ 4
2. A—00: AdS/CFT = wv,A) =2 — ——+ ..
/ #2) 2VA
2 = gravition spin , nextterm - Brower, Polchinski, Strassler, Tan (2006)
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Pomeron in the conformal theory

A(xvy',x/’y/) §=200 é/dyf+(w()\7y))F()\’y)Q(r7 V)Rw(/\,u)/z

The function F(v, \) in two limits:

1. A—=0: F(r,\) = NFo(v) + NFi(v) + ...
Fo(v) = S Cornalba, Costa, Penedones (2007)

Fi(v) = see below G. Chirilli and I.B. (2009)

1+ 2
.

2. A — 00 AdS/CFT =  wy,\) = —
sinh” v

L.Cornalba (2007)
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Pomeron in the conformal theory

A(xvy;x/:y/) §=200 é/dyf+(w()\7y))F(A’V)(z(n V)Rw(/\,u)/z

The function F(v, \) in two limits:

1. A—=0: F(r,\) = NFo(v) + NFi(v) + ...
Fo(v) = S Cornalba, Costa, Penedones (2007)
F1(v) = see below G. Chirilli and 1.B. (2009)
30 1+ v?
2. A — 00 AdS/CFT =  wW,\) = 7V —>5—+
sinh” v

L.Cornalba (2007)

We calculate F,(v) (and confirm w, (v)) using the expansion of
high-energy amplitudes in Wilson lines (color dipoles)
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NLO Amplitude in A'=4 SYM theory: factorization in rapidity

(x =)' = y)HT{O®)OT ()OO (y)})
== /dZZIJ_dZZ2J_d2Z/1J_dzZIZJ_IFUO (.X, YiZ1, ZZ) [DD}GOJJO (Zl 5y %25 le 9 Z/Z)IFbU (xlv y/; Z/1 ) Z/Z)

i

a = 55 bo = (j,:yy,)z & impact factors do not scale with energy
= all energy dependence is contained in [DD]%* (ayby = R)
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NLO Amplitude in A'=4 SYM theory: factorization in rapidity

I
rrIIrrgoiiiil TIpIzzzgIIiIc
” Yg<Y<Yp —> {PoTT + Emvémﬂ +...
T, s shagii
cal > <F

(x =)' = Y)HT{O(x) O (»)O(x)OT (y)})
= /d211Ldzzudzz’udzz’uIF“O(X,Y;Zl,Zz)[DD]“°’b°(Zl,Zz;Zﬁvzé)IFbo ',y 21, 2)

Dipole-dipole scattering X(v) =2C — () — (1 — )
) 2 L
2102 20 210220 2
o PTG =1 0 A o x(y) 2
D) = F(l-l-’\/)F(Z 'y){l 472 ['y(l—ﬁ/) 3}+0(A )}
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NLO Amplitude in A'=4 SYM theory: factorization in rapidity

(x = y)* (& = )(T{O) O (»)O()OT(y)})
= / d*z11d’ 1 d*2) A2y TR (x,y;21,22)[DD] ™ (21, 225 24, 25)IF (¥, 5 21, 25)

Result : (G.A. Chirilliand I.B.)
N? 47402 N, 172 272 8
R e )
) NZ? — 1 cosh® mv 2 cosh’my 1+402 (a;)
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v ]
= ¥ i

& —_— D _— L —

DIS structure function F»(x): photon impact factor + evolution of color dipoles+
initial conditions for the small-x evolution

Photon impact factor in the LO

(= DTN 0) = [© j}fﬁ 2 L0, eo)ur{ 7 017}
12(e1,22) = W«)(H.ZT)Z(K.@ s [0 ) ) = 32061 ).
5= V%\,g%—x/wm v{\_ (P~ s+ y1)
6 = (G rdmta), R = reaiee
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Photon Impact Factor at NLO I.B.and G. A. C.

Composite “conformal” dipole [tr{{., U1, }],, - same as in A" = 4 case.

(x = )TV D)D) ()}

d*z1d%z v Qg P
_ / 2 {1t ) [1 + 2 {04 O, Vg
12

2 Qs Z%2 "{2(41 i <3)(C1 : C3) "z "z
+./d N {4772 3323, <1n 25 GG G) 2C>IILO T h }
x {0, U1 Jr{ U UL } = Nete{ U, U, My |

i17z3

2 52 K- ()2
(D)) = 5 R {(h Q) 9 [7( 1)

1678 (k- C1)(k-G) | (k- (G) OxHOy” (¢1-G)
+<ff'C1)(H - (2) n (k- C)(E-G)C-G)  KHG -Cz)}

(G- ¢3) (G- GG G) (G- G)
(k- Cg)z 9? (k- C)(K-G) i'{,z(Cl - (3) ) )
e Bwea | @ﬁ)%@@“wﬁ@}
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Photon Impact Factor at NLO I.B.and G. A. C.
With two-gluon (NLO BFKL) accuracy

1 4oy 7 0 = v, Ik Ok "dzidzy LO Qg NLO

E(X*y) T{W )Y P )v )P} = gy ay/ Y Z/{uo(ZhZZ)[Ing(l‘F;) +Z05°]
280G ) - g - ¢

Iu,f(x_\_:: ) = r28 162 .\,1 2 2 5]

o (%321, 22) N (k- C) (k- &)

N A el raeGr 272 2lnR IR
Iylo (e ysz122) = R 202 oL 2 ALy (1 - R) — —— —
NLo(¥: 3521, 22) 477 { (5-C)(k- Q) [ i2( ) s PR TR
1 11 1 2C
— 4R+ — — 242(n=+ = —2)(In= +2C) —4C - =
nR+ 55 +(nR+R )(HR+ ) ]
nR 2C InR 1
(%JFQHQ){H 2 1

R
5

- _ = [ ,,"",’7”””’
(K- C1) R R * 1-R ZR} K2 <f\ T K2 )
CoRf 4 ¢Pre ., IR IR 3.5 2¢
[ CHA *CIHQH R~ g TR 2R+2+2C+R]
af 2
g (Ci-G) 2w .

818 ST (1 —

a3 R

T T 1 2 3
“2Ing =+ 2Rz3)(1nR+2C)+6lnRR+2+2RZ]}
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Photon Impact Factor at NLO

Reminder
1 py Py
kM = \/ExJF(TlixplZLerlj_)i \/Ey+(7*yng+yif_)

P 2 P
G = (Tl +auh ). @ = ( Ltph+d)

DIS photon impact factor is a linear combination of the following tensor basis

KMEY
Hwo__pv py
" =g ;" =

12

7 KECY + K”(f KHCY + K”(g
3 = +
K+l K- (
w KLY KR LG+ Y
= 5 = ——

(k-C1)? (k-Q)? GG

Cornalba, Costa, Penedones (2010)
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Mellin representation of the LO impact factor

d*21d%z 4\
/ TR (2, ) (%) = B(1=7 1=y +2)T(3 —9)

212 210%20
{ v(1 =)Dy D, _ Dy”
R2(1+7)2-7) 20+m2-7v) 81+72-7)
B (1 =)Dy 7D’1“'+D‘2“'} ( K2 )'y
16(1+27)(3 = 29)(1 +7)(2 — ) 8 w\ (k- Go)?
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Mellin representation of the LO impact factor

dz1d’s 2\ 1
[ ) (522) = S0 - P+ DrG - 1)

12 10220
{ "Y(l _ "Y)D'l]lu D'lztll B D:‘L;V
R21+9)2-7) 21+7)2-v 8(1+7)(2-7)
3 Y(1 = 7)Ds4 _D’I‘"JrD‘ZW} ( K? )7
60296 -2)(1+9C -7 8 Jw\k-Gp

where

(D) + Do) = —2A2x+y+/<a*20)‘f(‘3§n2
Dy = —A’xTyt ol (In k)oY Ink?
DY = 4yAixty* [(0%1n K2 In(k - Co) + (0 In /{2)5‘; In(k - ¢p) — (0¥ In /{,2)(9)’,’ In Kz]
1
D) = 4y(1 +279)A%x Tyt [ - 3040 In K2 — O (Ink*)OY Ink?
+(0# InK7)0Y In(k - Co) + (0 In k%) In(k - Co) — 207 In(k - (o)} In(k - Go)]
d

B(a,b) = %Fg’), C = —(1) is the Euler constant, and ¢ (a) = & InT'(a)
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Mellin representation of the photon impact factor

dzzleZQ Zz R N, F('V + l)r(z B '7)
I/u/ 21,2 +HV 21,2 ( 12 ) _ c
/Zéltz [LO( 1 2) NLO( 1 2)] %01%0 476 A4 A2x+y+
yyD aN, m? 2 11
(LN UM LA i R =
3 dr L3 sin"wy o2 Y
N, 172 2 3 1 X

20 {14+ 2 [T - S —Cxy — =+ 3% + o]}
e L 4r L3 sin’wy X vy ” 2N - 2vy
—&{I—F%NC[FZ m?

X

X~ X~
2 i 13 sty T2 T MH
AyDy { ach[w:_ 72 _c +1_i 3 _ﬁ}}
4(3 4 47%7) 4r L3 sin®7y Xy ¥y o 29332 24y
_Di+ D

ch 2 2 1
—e+m{t+ 25 -S5=-c
s

4vy + 3 N 1+2’y*‘y) ’Y}}]W(( K2 )WI‘Z(’?)

— 5= - — — X - Y=1-1
2972 +7y) 2+ 2k - Go)?/ T'(29)
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NLO evolution of composite “conformal” dipoles in QCD
[. B. and G. Chirilli

d o
ae UL UL = 2% [z (U, UL (U, UL} = Mo, UL e

2 2 2 2 2
N, — 67
X ;122 [1 + Al (blnz%zuz =+ bziw2 2123 In % + — - l)]
213323 4 213323 o 9 3
a5 [dz o 223°255 + 254213 — 4Ty 1 3%
472 Z4 7<77j272 _ 2,2 ) 2
34 22237353 — 44273 4%
x [tr{U,, Ui}tr{ U::Ul}{UuU;} — tr{U,, U:T; Uang U;KUL} — (z4 = 13)]

2.2 2.2
212434 ) In 213424 }

2 2 2 2
212834 {2 In 12834 4 (1 +
2,2

223 Z23

21324 2237233
x [ir{U,, UL, hr{ U UL Yer{UL UL} = {0, UL UL UL UL UL ) = (20— 22)]
_ 1 2

_l’_
2 .2 2
213124 - Z232Z23

KnrLo Bk = Running coupling part + Conformal "non-analytic" (in j) part
+ Conformal analytic (N = 4) part

Linearized KnLo sk reproduces the known result for the forward NLO
BFKL kernel.
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Evolution equation for color dipole in momentum representation
Va(2) = 22U '>
Valk) = [dz e7'®31Y,(z) - “unintegrated gluon TMD”

d _osN, [ & N K
2a7 V) = 55 m{(zwk)—kﬁva(k))

ash K 67 w*, 10ns
T [(W(k) K2 “(k))( k2 (g3 9Nl.)
(k—k')? (k—K')? 4K k=) (k—K)?
. z(va(k') I Va(k)kﬁln P ) V)= ]}
a2N?

e[ - —1 B + F(k, k) + ®(k, k)| Valk') + 3ﬂ<(3)v (k)
3 . (k_k/)z n k’2 ’ ’ a 212 a

2 2 2 2
N 3k, k)2 212K p2 2 KKk
F(k,K) = (1+N3)716k2k,2 (Gt e )

2\2 4 4 27112 )
" (k% 4 K%) 3k* + 3K — 2k%K o / dt 141
— L — - ln—
[H (1 + N*)(l sk? 16k4k* (k. K) >] o Rtek? i
Dk, K) = (k;klz){ ]Lz kzkﬂi(kik,y‘
B R (R R SR (S

2 2 2)2 22
s - 4) -2~ )] - (1- et [ [ Tt e

k2
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Argument of coupling constant

d ~
Iu(Zl, ZZ)

as(?1 )N, 2 A N N N N
2 / 2 u (z1,23) +U(z3,22) — U(z1,22) — U(Zlvzs)u(zazz)}
2 Z13 23
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Argument of coupling constant

d -~
IU(Zl,Zz)

Oés

N . . N
/ le (21,Z3) +Z/I(Z3,22) —U(z1,22) — Z/l(zl,23)2/{(23,Z2)}
2033

Renormalon-based approach: summation of quark bubbles

1 2
= 3Ne — 31y
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Argument of coupling constant

d (z ) - P
d—nTr{U ULy = =22 / d*z [Tr{U., UI }Tr{U., U } — N.Tr{U., U} }]
y [ Zi +1<as(ﬁ3) _1>+1(as(zz 3) _1>}

2 .2 2 2

3%y 23 Nas(ay) 253 \ai(2d3)

[.B.; Yu. Kovchegov and H. Weigert (2006)

When the sizes of the dipoles are very different the kernel reduces to:

ag(2) 7,

LI |212| < |Zl3|, |Z23|
(2

Sl 23] < |z1a), 223l
(2

C;;%gj |223| < |z12], |z13]

= the argument of the coupling constant is given by the size of the
smallest dipole.
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rcBK@LHC

1.8 p-Pb (5 =5.02 TeV E

R

Saturation (CGC), rcBK-MC 3 ALlCE aI’XIV1 21 04520
0.6! Saturation (CGC), rcBK E
0.4 I Saturation (CGC), IP-Sat =
1.8 Shadowing, EPS09s (%) E
1.6 LO pQCD + cold nuclear matter =

Nuclear modification factor

Pb
] R (pr) = d*NG, " /dndpr
) (Typpp)d?oyy) [dndpr
1.8F HIJING 2.1 jéﬁ?ng =028 3 i
1.6 ——— - DHC, no shad. E Npr = Charged partIC|e

— DHC, no shad., indep. frag.

yield in p-Pb collisions.

1 1 1 L 1 1 I L 1 o
2 4 6 8 10 12 14 16 18 20
P, (GeV/c)
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.
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Outlook: relation to conformal light-ray operators

Gluon parton density D(x, ?) is proportional to matrix element of the
light-ray operator

O(xp, 1) = / d\ €™ Tr{Gi(AeT)[AeT,0]G:(0)[0, \e T}

Conformal light-ray operator O; (j - | spin in SL(2, R) group)

ol = / d\ N Te{Gi(AeT)[Ae T, 0]1G1:(0)[0, Ae ]}

Anomalous dimension
M@OJ = 7(as)0;
Atj = n ~, is an anomalous dimension of the local twist-2 operator

G+l’([)+)n*2Gr
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Gluon parton density D(x, ?) is proportional to matrix element of the
light-ray operator

O(xp, 1) = / d\ €™ Tr{Gi(AeT)[AeT,0]G:(0)[0, \e T}

Conformal light-ray operator O; (j - | spin in SL(2, R) group)

ol = / d\ N Te{Gi(AeT)[Ae T, 0]1G1:(0)[0, Ae ]}

Anomalous dimension
M@OJ = 7(a)0;
Atj = n ~, is an anomalous dimension of the local twist-2 operator
G‘H’([)%»)H*l(;r

Expansion of conformal dipoles in conformal light-ray operators - ?
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Outlook: relation to conformal light-ray operators

In the leading order relation this expansion is trivial: x% is the normalization
point of gluon light-ray operator and xz = ¢~ ":

: - e g T(j — 1) :
Te{O,U0'Up}" = D“B o) = / — 5 (@) o
xp=e 1 ico 2mi x’
e gy 2
_ wn (12 2\ =Yw (M
[ serwen ) o

Z—ZOO

This should be compared to LO rapidity evolution of color dipole
wy—1 4, = w(v) - pomeron intercept)

%Jrioo d

A7 (= no)( 2 12~ V/dzz ()" Uz )™
2mi

Tr{OU0'Up}" = = /

7 —I100
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Outlook: relation to conformal light-ray operators

In the leading order relation this expansion is trivial: x3 is the normalization
point of gluon light-ray operator and xz = ¢~ ":

B g (-1
J —i
G- weyor

2 -2
Te{0;U,d' Uy }" DT L 02 :/ -~
r{ 0} e n T O(X1) ¢ 27

—aHioo dw 2

— -=r wn (12 2\ =Y (Y
[, e o

This should be compared to LO rapidity evolution of color dipole
wy—1 4, = w(v) - pomeron intercept)

) %Jrioo
Toudn) = = [ Lentrmad) o [d @) e
5 —ioco
=
oy ay Al
w=wlya) & v =vwa) ~ e U+E+m

BFKL gives the anomalous dimensions in all orders as w — 0 which
corresponds to the the non-physical point j = n = 1 for ~, of local operators

I. Balitsky (JLAB & ODU) High-en mplitudes and Wilson lines ENS lecture I 12 Dec 2012 62 /63



Outlook: relation to conformal light-ray operators

In the NLO the expansion of conformal dipoles in conformal light-ray
operators is not straightforward due to mismatch of UV and rapidity
regularizations.

. 1 .
@(as,7) =wlagy+7w) =7 = 7(@ )
w(ay, ) is the pomeron intercept which stands in the formula for the

amplitude in terms of conformal ratios.
@(ay,y) determines anomalous dimensions of conformal light-ray operators.

The difficulty is probably due to the fact that conformal dipoles are invariant
under SL(2, C) and light-ray operators under SL(2, R)
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