323 final exam (34 points). 12/13/18, 12:30 p.m. -3:30 p.m. 1

Problem 1. True (T) or false (F)?
1. If two events are separated by space-like interval, there is a frame where they occur
simultaneously. (T)
2. The energy of even a massless particle like photon can be arbitrary large. (T)
3. If T know the wave function of some quantum-mechanical system, I can predict the
outcome of any future observation of that system (e.g. position) with certainty. (F)
4. If T measure the energy of a quantum-mechanical system, I will get an answer that is an
eigenvalue of the Hamiltonian of that system. (T)

5. An atom with 12 electrons must have some electrons in n = 3 state. (T)

Problem 2.
Two spaceships approach Earth with speeds 0.8c. One of them goes along = axis, another
along y axis. What is the magnitude and direction of the velocity of one of the ships in

another ship’s frame.

Solution
Let us find the velocity of the ship moving along y axis with respect to frame (second
ship) moving along x axis. Lorentz transformation for velocities from Earth’s frame to ship’s

frame reads
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(see Eq. 1-23 from 5th edition). In our case u, = u, =0 and u, = v = 0.8C so we get
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The angle with respect to x axis is obtained from
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Problem 3.

Photons from a helium-neon laser A=632.82 nm collide head on with incident electrons
of energy F1=100 MeV. Some of the photons are scattered back in the direction from which
they came. What is the wavelength of the back-scattered light?

Solution
First, one cannot use Eq. (3.25) since the electron with energy 100 MeV is hardly at rest.

Thus, back to conservation laws.



The momentum of the photon with A\{=632.82 nm is k; = % 2€V. Conservation of

momentum and energy for a head-on collision

ko —ps = p1— k1 = p, conservation of momentum
kyc 4+ \/m2c* +pic? = kic+ E, = E, conservation of energy
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Since E; > mc? we can use approximation F; = /m2ct + p?c? ~
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which corresponds to Ay ~ 3.87x107m = 38.7fm.

Problem 4.
The average energy of a proton in a certain nucleus is 20 MeV. Using Heisenberg uncer-

tainty relation, estimate the size of the nucleus. (10 fm)

Solution

20MeV

The momentum of the proton with average energy 20 MeV is p = % E? —m?2ct ~ ==

and therefore

Rnucleus ~ Azr ~ ~ 10fm

= | St

The estimation Az > % ~ 5fm is OK also.

Problem 5.
At t = 0 the one-dimensional harmonic oscillator with Hamiltonian % + M is in the

state
1

a) Show that a later time ¢ the oscillator is still in the [wo(x t) + 1 (z, t)] state.
b) Find the average momentum (p) at time t.

You may need Gaussian integrals
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Solution



(a): Wave function is correct if it satisfies Schrodinger equation and initial condition.

Check of Schrodinger equation

zhjtf[wo(x t) + (2, 1)] = \}ﬁ[zh;%(z,t)+mi¢l($,t)}
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Thus, ¥(x) = %[wo(aﬁ, t)+11 (z, t)] satisfies both Schrédinger equation and initial condition

P(x,0) = %Wo(l’) + 11 ()] so it is a correct expression for wave function at any t.

(b): Average momentum

p) = /dx \}5[%*(3:,1&)+¢T(x,t)](—ihi);§[wo(w>+¢1(x)]
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where we used the property that ¢y and 1, are real. Using the explicit form of ¥y and

we get

Yo(z) = (T:;j)}le%mza Yi(x) = 24/—

= [de vie) ginta) = S=(5? [ ate e = 2T

and therefore

) = b [dr vi(e) n(n) = LR sinwt

Problem 6.

The electron in a hydrogen atom is in the state described by wave function

7(¢100€_i71t + @/12106_i72t), Unim = Ru(r)Yim (0, ¢)

N



(here we disregard spin of the electron). What is the expectation value of L? in this state

at time t?

Solution

- 1 i EL x if2gy 7 —iZL —iZ2
(L% = i/d%wfooel e ) LA (Yoe A 4 thyrge R )
The functions ,,,, are the eigenfunctions of L2 operator
[A/anlm = th(l + 1)¢nlm

so we get

E2(¢1006_i%t+"¢2106_i%t) =0 + 2h2¢2106_i%t

and therefore
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Problem 7.

What are possible values of total angular momentum for the system of three particles

with spin %? (Assume there is no orbital angular momentum)

Solution
Let us do the addition in two steps: (spin %—i—spin %) ~+spin % When we add two % spins

we can get spin 0 and spin 1 systems. At the second step, we have a problem of addition

1

either angular momentum 0 and angular momentum

or angular momentum 1 andangular

momentum % In the first case we can get only angular momentum % whereas in the second

3

case we can get % and % . Thus, the possible values of total angular momentum are % or 3.

Problem 8.
Question #1 (p. 322) from Tipler & Llewellyn, 5th ed.

Solution

From Fig. 8-3

13kT vH2 m
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