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Magnetic dipole radiation

@ Consider a circular loop with the current I(t) = Iy cos wt
@ ltis a typical example of an oscillating magnetic dipole
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m(t) = w21 I(t)és = moés coswt, mo = 7b%I
N @ First, the scalar potential is obviously zero.
adaton @ Vector potential
1 cos w
(rt)_”oo/dl’ (t=2)
S

For simplicity talke r in the X Z plane:
r = rsin6é&; + r cos 0és.

r’ = bcos¢é; + bsin &y =
(r—1")2 =2 +b% — 2brsin 6 cos ¢

" = ¢dl! = (&3 cos$ — & sin ¢)bde




(&2 cos p—&; sin @)

on cosw(t — %\/rz + b2 — 2brsin6‘c0s¢)
/ d \/1"2 + b2 — 2brsin 6 cos ¢
(t —_ %\/72 + b2 — 2brsin 0 cos ¢)
/12 + b2 — 2brsinf cos ¢

Iob 27 cosw
= 'uoioég/ d¢ cos ¢
4 0

Vector Potential

@ In the radiation zone we can expand in <

b
/12 4+ b2 — 2bdsin 6 cos ¢ ~ r(1— —sinfcos¢) =r —bsinfcos ¢
r

Ib 2m b
A(r,t) bgr uo—ég/ d¢ cos ¢ cos [w(t — z) + “o sin 6 cos (]5]
47r 0 c c

Ib, [ r b
beX uo—ég/ d¢ Cosqﬁ[(:osw(t - L) - w—sin@cosqﬁsinw(t — f)]
Amr 0 c c c
= 7Wé2 sin98inw(t — I)
Amre c

@ For an arbitrary point r one should replace & — ¢

_Méd, sinfsinw(t — z) = 20X rMO"JSin"J(t - f)

A(r,t) = 1 =
mre c 4mre c




Magnetic dipole radiation, cont.
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@ Inspherical polars A, = A9 = 0and Ay = —T2L0% sin fsinw(t — L)
@ The fields are
A pomow® T
Vector Potential E(r, t) = _E = Weqﬁ sin 6 COSUJ(t — E)

B(r,t) =V xA=— — 30(s1n9A¢,) - gaﬁ(mw

24
Homow~r r
Y (osHsnm,(f — 7)
27r2c c

2

mow?6 r

:—usinecosw(t— 7)7
4mrc? c

@ We got a spherical wave

Ko mou}
4rre

E(r,t) = &g sinfcosw(t — L)

= Spherical wave

B(r,t) = : xE

o



1 2 sin@ 2
S=—ExB = @f' Mgcosu)(tff)}
1o c dwe v c
@ Intensity
Vector Potential I = <S> _ ,uomgofl sin2 [’ N

32m2¢3 12
@ Radiated power

P = R? / Ysing [T ap Hombel S0 pomfew
0 0 3272¢3 72 127c3

4

@ Itis much smaller than power radiated by comparable electric dipole.

@ Example: +qo and —qo electric dipole rotating with angular velocity w.

Electric dipole power P, = 2922 where pg = qod. Also, in this model

2
mo = ﬂ%[o and Ip = qow SO

P, mo\ 2 Tdw 2 v2
_mag _ (J) ~ (7) ~ — = Relativistic correction
P poc 4c c?



Dipole Radiation From an Arbitrary Source 711

Lecture 11-2 @ |In this section we will derive the formulas for the dipole radiation from an
arbitrary source.
@ Vector and scalar potentials due to an arbitrary source are:

/
D(x,t) = — /d%’ Py tr)

47req |x — x|
!
Ho 3./ J(x 7tT)
Dipole Radiation A(x, t) == [d’z —
From an Arbitrary 4 |x — x’|
Source
|x—x]|

where t, =t — is the retarded time
@ To study the behavior of these expressions in the radiation zone |x| > |x’|,
we choose the origin somewhere inside the radiating body and expand the
denominators in a usual way:
+ )

1 1
~la+

|x —x’| r
where r = |x| and i = 1 is the propagation vector for our would-be
spherical wave
@ We need also to expand the retarded time in powers of r/ /r:

n-x’

|x — x| r  n-x
tr=t— ——— >2t——+
c c c




Dipole Radiation From an Arbitrary Source

cont.
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|x — x| r n-x
—_— ~t— -+
c c c

1 1 n-x’ .
:7(1+7+...), A=, tp=t—
x—x'| r r

@ Introduce tg =t — r/c as the retarded time for our origin. Then

n-x’
’ ’ . /
P(X:tr):p(x7t0)+ p(X,t())+
Dipole Radiation c
From an Arbitrary
Source

@ The parameter of the expansion here is d/\ < 1 (see previous Section)
@ Indeed, p ~ wcharp Where Wehar are the characteristic frequencies of the
emitted radiation, hence ‘j—g ~de = d
@ Substituting the expansions in the expression for ®(x, t), one obtains:
P P
2,0) = o [ oo o)+ g a)] (14 2 )
Amegr c r
Q A-p(to) , h-p(to)
4meqr 4dmeqr? 4dmegre

@ For the vector potential, the first term in the expansions is sufficient:

tr)
xt)f'uo/d?” x\tr) /dS’tho
|x — x/| 4y



Dipole Radiation From an Arbitrary Source,

cont.

Lecture 11-2 @ It can be demonstrated that
/dgz’J(x’, f = p(t)
@ = the dipole potentials in the radiation zone take the form (i = 1)

Q n-p(to) | A-p(to) n

poP(to) n
4megr 4meqr? 4megre

Artr

d(x,t) = . A(x,t) =
Dipole Radiation ( ’ ) ) ( ) )
From an Arbitrary

Source

@ Next we calculate the electric and magnetic field in the radiation zone
@ Discard terms ~ i and use V f(to) = f(to)Vto and Vg = —%, ie.,

V(o) = (to)n/c Then
0 z;p;(to) T . T 0
Vo(x,t) = & — 22 ~ &L pi(to) = & —L—p;(to) =—t
(x,t) =2 Ox; 4mric i mr2e axipj( 0)=¢& 47rr20pj( 0) Ox; 0
- P(to) pon 17} poP(to)
= PR Gry = B Bte)) s = A(x,t) = LORU0)
4megre? 0 47r (8- B(to)) 0 (x,2) 47

@ Electric field in the radiation zone is

= E(x,t) = 4’::; n(n-p(to)) — pto)] = —n X (A X p(to))



Lecture 11-2 @ Magnetic field in the radiation zone is B(x,t) =

V X A(x,t)

16) o 0
B;(x,t) =¢ o (to) ~ ——€;:1. — P (t
(x,t) = ik g~ 4 P (to) - z]kamjpk( 0)
= 0 8t0 = O kb (to)ny = _( o f’(to)>
Arr €ij Ox; dmre J 4mer i
R NP _ A
sl = B(xt) = - hxpto) = — xE(x1)

Source

@ Choose the frame with OZ axis collinear to p(to), the fields take the form

pop(to) sinf

p(to) sin 6 s
E(r,0,¢) = Mﬂ& B(r,0,¢) =
47 r 4me r
@ The Poynting vector is then
1 o .. 58in? 0
S=—ExB = t
2o 167T26(p( 0)) 2 n

@ = the total radiated power takes the form
27 ™
= [s-naa= o o) [ag [T aosin®o = K i)
167‘1’26 0 0 6me
N e —

27 4/3




Larmor Formula
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@ The total radiated power

P = L2 (j(to))?
6mre
Larmor Formula
@ For a single point charge ¢ we have p(t) = gx(t), so we get the Larmor
formula
pog>a®
6me

P =

@ The Larmor formula can be also obtained using the Liénard-Wiechert
potentials of the moving point charge
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