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Magnetic dipole radiation 3/11

Consider a circular loop with the current I(t) = I0 cosωt

It is a typical example of an oscillating magnetic dipole

m(t) = πb2I(t)ê3 = m0ê3 cosωt, m0 = πb2I0

First, the scalar potential is obviously zero.
Vector potential

A(r, t) =
µ0I0

4π

∫
dl′

cosω
(
t− ς

c

)
ς

For simplicity talke r in the XZ plane:
r = r sin θê1 + r cos θê3.

r′ = b cosϕê1 + b sinϕê2 ⇒

(r− r′)2 = r2 + b2 − 2br sin θ cosϕ

dl′ = ϕ̂dl′ = (ê2 cosϕ− ê1 sinϕ)bdϕ
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Magnetic dipole radiation, cont. 4/11

A(r, t) =
µ0I0b

4π

∫ 2π

0
dϕ

cosω
(
t− 1

c

√
r2 + b2 − 2br sin θ cosϕ

)
√

r2 + b2 − 2br sin θ cosϕ
(ê2 cosϕ−ê1 sinϕ)

=
µ0I0b

4π
ê2

∫ 2π

0
dϕ cosϕ

cosω
(
t− 1

c

√
r2 + b2 − 2br sin θ cosϕ

)
√

r2 + b2 − 2br sin θ cosϕ

In the radiation zone we can expand in d
r√

r2 + b2 − 2bd sin θ cosϕ ≃ r
(
1−

b

r
sin θ cosϕ

)
= r − b sin θ cosϕ

A(r, t)
b≪r
=

µ0Ib

4πr
ê2

∫ 2π

0
dϕ cosϕ cos

[
ω
(
t−

r

c

)
+

ωb

c
sin θ cosϕ

]
b≪λ
=

µ0Ib

4πr
ê2

∫ 2π

0
dϕ cosϕ

[
cosω

(
t−

r

c

)
−

ωb

c
sin θ cosϕ sinω

(
t−

r

c

)]
= −

µ0m0ω

4πrc
ê2 sin θ sinω

(
t−

r

c

)
For an arbitrary point r one should replace ê2 → ϕ̂

A(r, t) = −
µ0m0ω

4πrc
êϕ sin θ sinω

(
t−

r

c

)
=

m0 × r̂

4πrc
µ0ω sinω

(
t−

r

c

)
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Magnetic dipole radiation, cont. 5/11

In spherical polars Ar = Aθ = 0 and Aϕ = −m0µ0ω
4πrc

sin θ sinω
(
t− r

c

)
The fields are

E(r, t) = −
∂A

∂t
=

µ0m0ω2

4πrc
êϕ sin θ cosω

(
t−

r

c

)
B(r, t) = ∇×A =

r̂

r sin θ

∂

∂θ
(sin θAϕ)−

θ̂

r

∂

∂r
(rAϕ)

= −
µ0m0ω2θ̂

4πrc2
sin θ cosω

(
t−

r

c

)
−
µ0m0ω2r̂

2πr2c
cos θ sinω

(
t−

r

c

)
We got a spherical wave

E(r, t) = µ0m0ω
2

4πrc
êϕ sin θ cosω

(
t− r

c

)
B(r, t) = r̂

c
×E

 ⇒ Spherical wave
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Magnetic dipole radiation, cont. 6/11

Poynting vector

S =
1

µ0
E×B =

µ0

c
r̂
{m0ω2

4πc

sin θ

r
cosω

(
t−

r

c

)}2

Intensity

I = ⟨S⟩ =
µ0m2

0ω
4

32π2c3
sin2 θ

r2
r̂

Radiated power

P = R2

∫ 1

0
sin θ

∫ 2π

0
dϕ

µ0m2
0ω

4

32π2c3
sin2 θ

r2
=

µ0m2
0ω

4

12πc3

It is much smaller than power radiated by comparable electric dipole.
Example: +q0 and −q0 electric dipole rotating with angular velocity ω.

Electric dipole power Pel =
µ0p

2
0

12πc
where p0 = q0d. Also, in this model

m0 = π d2

4
I0 and I0 = q0ω so

Pmag

Pel
=

(m0

p0c

)2
∼

(πdω

4c

)2
∼

v2

c2
= Relativistic correction
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Dipole Radiation From an Arbitrary Source 7/11

In this section we will derive the formulas for the dipole radiation from an
arbitrary source.
Vector and scalar potentials due to an arbitrary source are:

Φ(x, t) =
1

4πϵ0

∫
d3x′ ρ(x

′, tr)

|x− x′|

A(x, t) =
µ0

4π

∫
d3x′ J(x

′, tr)

|x− x′|
,

where tr = t− |x−x′|
c

is the retarded time
To study the behavior of these expressions in the radiation zone |x| ≫ |x′|,
we choose the origin somewhere inside the radiating body and expand the
denominators in a usual way:

1

|x− x′|
=

1

r

(
1 +

n̂ · x′

r
+ ...

)
where r ≡ |x| and n̂ ≡ r̂ is the propagation vector for our would-be
spherical wave
We need also to expand the retarded time in powers of r′/r:

tr = t−
|x− x′|

c
≃ t−

r

c
+

n̂ · x′

c
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Dipole Radiation From an Arbitrary Source
cont. 8/11

1

|x− x′|
=

1

r

(
1 +

n̂ · x′

r
+ ...

)
, n̂ ≡ r̂ , tr = t−

|x− x′|
c

≃ t−
r

c
+

n̂ · x′

c

Introduce t0 ≡ t− r/c as the retarded time for our origin. Then

ρ(x′, tr) = ρ(x′, t0) +
n̂ · x′

c
ρ̇(x′, t0) + ...

The parameter of the expansion here is d/λ ≪ 1 (see previous Section)
Indeed, ρ̇ ∼ ωcharρ where ωchar are the characteristic frequencies of the
emitted radiation, hence dρ̇

cρ
∼ dω

c
= d

λ
≪ 1

Substituting the expansions in the expression for Φ(x, t), one obtains:

Φ(x, t) =
1

4πϵ0r

∫
d3x′

[
ρ(x′, t0) +

n̂ · x′

c
ρ̇(x′, t0)

](
1 +

n̂ · x′

r
+ . . .

)
=

Q

4πϵ0r
+

n̂ · p(t0)
4πϵ0r2

+
n̂ · ṗ(t0)
4πϵ0rc

+ ...

For the vector potential, the first term in the expansions is sufficient:

A(x, t) =
µ0

4π

∫
d3x′ J(x

′, tr)

|x− x′|
≃

µ0

4πr

∫
d3x′J(x′, t0)
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Dipole Radiation From an Arbitrary Source,
cont. 9/11

It can be demonstrated that∫
d3x′J(x′, t) = ṗ(t)

⇒ the dipole potentials in the radiation zone take the form (n̂ = r̂)

Φ(x, t) =
Q

4πϵ0r
+

n̂ · p(t0)
4πϵ0r2

+
n̂ · ṗ(t0)
4πϵ0rc

+ . . . , A(x, t) =
µ0ṗ(t0)

4πr
+ . . .

Next we calculate the electric and magnetic field in the radiation zone
Discard terms ∼ 1

r2
and use ∇f(t0) = ḟ(t0)∇t0 and ∇t0 = − n̂

c
, i.e.,

∇f(t0) = −ḟ(t0)n̂/c. Then

∇Φ(x, t) = êi
∂

∂xi

xj ṗj(t0)

4πr2c
≃ êi

xj

4πr2c

∂

∂xi
ṗj(t0) = êi

xj

4πr2c
p̈j(t0)

∂

∂xi
t0

=
n̂ · p̈(t0)
4πϵ0rc2

∇t0 = −
µ0n̂

4πr
(n̂ · p̈(t0)) ;

∂

∂t
A(x, t) =

µ0p̈(t0)

4πr

Electric field in the radiation zone is

⇒ E(x, t) =
µ0

4πr
[n̂(n̂ · p̈(t0))− p̈(t0)] =

µ0

4πr
n̂× (n̂× p̈(t0))
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Fields in Radiation Zone 10/11

Magnetic field in the radiation zone is B(x, t) = ∇×A(x, t)

Bi(x, t) = ϵijk
∂

∂xj

µ0

4πr
ṗk(t0) ≃

µ0

4πr
ϵijk

∂

∂xj
ṗk(t0)

=
µ0

4πr
ϵijkp̈k

∂t0

∂xj
= −

µ0

4πrc
ϵijkp̈k(t0)nj = −

( µ0

4πcr
n̂× p̈(t0)

)
i

⇒ B(x, t) = −
µ0

4πcr
n̂× p̈(t0) =

n̂

c
×E(x, t)

Choose the frame with OZ axis collinear to p̈(t0), the fields take the form

E(r, θ, φ) =
µ0p̈(t0)

4π

sin θ

r
θ̂, B(r, θ, φ) =

µ0p̈(t0)

4πc

sin θ

r
φ̂

The Poynting vector is then

S =
1

µ0
E×B =

µ0

16π2c
(p̈(t0))

2 sin
2 θ

r2
n̂

⇒ the total radiated power takes the form

P =

∫
S · n̂ dA =

µ0

16π2c
(p̈(t0))

2

∫ 2π

0
dφ︸ ︷︷ ︸

2π

∫ π

0
dθ sin3 θ︸ ︷︷ ︸
4/3

=
µ0

6πc
(p̈(t0))

2
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Larmor Formula 11/11

The total radiated power

P =
µ0

6πc
(p̈(t0))

2

For a single point charge q we have p(t) = qx(t), so we get the Larmor
formula

P =
µ0q2a2

6πc

The Larmor formula can be also obtained using the Liénard-Wiechert
potentials of the moving point charge
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