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Euclidean Rotations: Vectors

Lecture 12-3 @ Reminder: rotations in Euclidean space

@ Consider two co-ordinate systems P, P’

@ Their origins coincide, but they are related by
rotation through an angle 6

@ The coordinates of a point in the two systems are
related through rotation matrix R

Vectors

2t = R;xj
@ Note that we have put the indices upstairs on the vectors
@ For the specific case of a rotation through 6 about the = axis

cos sinf 0
R = —sinf  cosf O
0 0 1

@ Quantities that transform as

1%
A= RAT = 02”4
oxJI

are called vectors
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Euclidean
Rotations:
Co-Vectors

Euclidean Rotations: Co-Vectors

@ A simple example of a vector is dx, which transforms as

ox't . oo
2 ) — R I

D7 dz’) = Rjdx

A scalar is a quantity which transforms as f/ = f.

Let us now consider how the gradient of a function transforms:
of _ﬁaz]’_axﬂ'ﬁ
8zt Qxd Ox't Oz’ Oxd

This is an example of the transformation property

dz't =

vif=

B{_Bz] ‘
v gt

which is different from that for vectors

Quantities that transform in this way are known as covectors or forms
We put their indices downstairs

Summarizing, we have

. 11 .

Vector: A" = 227 Aj
Scalar:  f/ =f

. r  _ 0xd .

Covector: B = 7% B,



Euclidean Rotations: Tensors
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Finally, we have that a tensor is an object that transforms as a vector on
each upstairs index, and a covector on each downstairs index

-/ -/
oz't oz’ ozk Ozt

C/i'j/m _ ig...
k... T ort  Oxd 8x/k/ ax/l/ Ykl
Motic Toncor @ The length of a vector is a bilinear, and independent of the choice of frame

@ Define the inner product of two vectors by
X Y =g, XYY,

@ In Cartesian coordinates (z,y, z), we have g;; = d;;, since

(d)? = (dz)? + (dy)® + (dz)?




Metric Tensor

Lecture 12-3 @ In spherical coordinates (r, 6, ), we have

(d)? = (dr)? +r2(d6)? + 2 sin? 9(dp)? ,

hence
gi; = diag(1, r?,r? sin? 0)
@ We can use the metric tensor to raise or lower indices:
Xi = gi; X7
X Y =X = X;Y?

Metric Tensor

@ We only have the luxury of indentifying vectors with covectors
in Cartesian coordinates in Euclidean space

@ |In that case, the components of the two are numerically equal

@ For instance, in spherical coordinates, taking

dat = {dr,do, dp}
as a vector, we have
dz; = {dr, r2df, r? sin® 0de}

as the corresponding co-vector



4-vectors in Minkowski Space-Time

Lecture 12-3 @ Apply these ideas to Lorentz transformations of four-dimensional space-time
@ Denote “ct” as the coordinate z, and write a | contravariant | four vector as
zH = (ct,x,y,2) = (zo,xl,x2,m3)

@ Its “length” is the interval left invariant under Lorentz transformations
@ We define the inner product of two vectors by

Ty = 710,"40 + .’I?lyl +x2y2 + x3y3 — g;“/xp,yu

4-vectors in
Minkowski
Space-Time

We immediately see that the metric tensor is
Juv :diag(_LluLl) (*)

It is conventional to use Greek Letters for the components of a four-vector
Four vectors are not underlined or printed in bold

In some areas of physics, time is introduced as the fourth component
Furthermore, the metric can be defined such that the temporal components
are positive, and the spatial component negative. Such convention

guv = diag(l, —1, —1, —1) is probably the most widely used. We will follow
Griffiths’ convention (x).

@ The summation convention is as follows:

An index can appear no more than twice. Any index appearing twice must
have one upper index and one lower index, and that index is summed over



Lorentz Transformations and Four Vectors i3

@ The | covariant four vector | or form can be obtained as before by using
the raising and lowering properties of the metric tensor
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33;1, = gHVID = (7"50711’ 1‘27 £E3) = (7Ct7 x,Y, Z)

@ = For 4-vectors in Minkowski space the components of a co-vector are
numerically different to those of the vector

@ The relation between vectors (in 4-dimensional case of special relativity,
they are called contravariant vectors) in the two frames is given by

ox'H
-~ dxv

-y @ Let us assume a similar transformation law for the 4-dimensional analogs of
covectors (called covariant vectors)

¥

¥ = LKz

Transformations

r_ v
zM—L#wV

@ We require that 2#x, is invariant under the Lorentz transformation
ahe, = :c'”:r:;t = L‘f,L::c":cg
and since this is true for all vectors, we have

1 if v=o

I o _ g0 o __
LH,L7 =4, where §, —{ 0 if vio



Lorentz Transformations and Four Vectors,

cont.
@ To find L,7, we note that, according to m; = L,/zy,, we have

h o oz'H
v oxY
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@ Now, use the identity
oz

azv Y
@ Write it through the chain rule as
_ 0z  Oz% 9x'* Oz’ Ox°
T dxzv Ox't dxzv Oz Oz'H
——

Lorentz Lk,

6,7

Transformations

@ Comparing with L/, L7 = 4,7, we conclude that

oz
o __
LN - 6:13/“
@ This corresponds to the characteristic transformation property of a co-vector

0/ 0xH:
af _ of oz _ 0z¥ Of

8z’ dxv B’ dx'M OxV
N——

Ly




Lorentz Transformations and Four Vectors,
cont.
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@ Contravariant Vectors:

AM = LM AY
@ Covariant Vectors:
!’ v
Bu = Lu By,
Lorentz
Transformations ' TensorS'
v fru P
o =Lh LY LOLS
@ Scalars:

@ The various quantities we will encounter in the remainder of this course are

...
S OR

A-B=A,B" =g, A"B¥



Derivatives
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@ As we have noted earlier, the derivatives transform as covectors

le] Ie]
-2 (% vy
Oa Ox™ (810 )
o 1o}
o= 9 (-2
Oxq ( 8x07v)

@ Suppose now that we have a four vector A#. Then

A0
crivatves 0%Aq = 0a A= —+V A
i Ox9 +
@ The Laplacian is defined by
2
0= 000" =~ 4 v

9202



Exercise

Leoture12:3 Let us demonstrate that g, A7 is indeed a covector, i.e. transforms
according to By, = L,/ By,
@ We need to show that

(9u0A7)" = Ll (92 A%)
@ The l.hs. is guo (A7) = gusL% A and therefore we must prove that
Guo L% = L gua
@ Multiplying this relation by L and using L% L} = 63 converts it into
Gup = 9uaLy L)
@ The last equation follows from the definition L,V = dz'"/dz# and

92 quA _ 92 w/ul,//\
ox'Hdx'P oA G JvA

oA

@ Indeed, we have, first, g, 2"z = 22, g2z’ @ 2’2, and 2% = 22



Exercise, cont.

Lecture 12-3 gy/\xuxx — 22 , gl,,\xwz‘/A _ x/2 . and :c'z — 22
@ Then
82 IZWPN Vel SN
/i gge T T T 9ua[6,:05 + 850,] = 29,
92 VoA dxv 9z
9 Oz P GuaT T = gy Y 781?"’ +{M <« p}
Lu” Lp)\

= Ggvx [LuuLp)\ + LpDLp,)\] = 2gV)\L:Lp)\

@ On the last step we used the fact that g,,» is @ symmetric tensor
@ The metric tensor with upper indices g#” defines the inner product

Exercise

z-y=g"zy

in terms of covariant vectors. This product is invariant under Lorentz
transformations if g#¥y, transforms as a contravariant vector y*
@ Using y» = guoy?, We conclude that

g guo = ot

i.e., the matrices g#*¥ and g,,., are inverse to each other
@ Inourcase g" = g, =diag(—1,1,1,1)
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