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Covariant Formulation of Maxwell’s Equations

3/16

Lecture 12-7 In order to formulate the full Maxwell's equations in covariant form, we need
to return to the relation between the fields (E, B) and the potentials

B=VxA

Field-Strength @ We need to find a covariant relation between electric and magnetic fields,
fonsor and the four vector A#, and express the fields themselves in covariant form
@ Let us write out a couple of these components explicitly

OA. 0Ay _ A% 9A? _ A% 9A? 9247 _ 9342

Oy Oz oz? oz3 Ozo Ox3

E. _8¢/c_18Ax:_87140_87141:%_8;40:60141_81140
c oz c Ot ozl 0x0 Ozo oz

B, =

@ N.B.: E; denotes the i*" component of a three vector, where we do not
need to distinguish between covariant and contravariant vectors
@ The equivalent four-vector components are given by

E'=E;=E,
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Field-Strength Tensor

Lecture 12-7 @ But we should be careful with upper and lower indices for 4-vectors!
B, = B! =0%4% -9%4? - F%
vEy/c=FEljc=8%A —9*A° — FO!
Hence (E, B) are related to a second-rank tensor F#¥ = gF A¥ — §¥ A+
There are six independent components of the two fields.
For a general second-rank tensor T#, we can write
THY = THY 4 THY

sym anti—sym

Field-Strength
Tensor

@ The symmetric part has ten components, but the anti-symmetric part has six
independent components that we could associate with fields E and B
@ Thus we introduce the anti-symmetric Maxwell Field-Strength Tensor

FH = 9HAY — 0¥ AV

@ Writing out the components of F#¥ explicitly, we have
(e numbers rows, from 0 to 3, and v numbers columns)

0 E;/c Ey/c E./c
—E./c 0 B. -By
—E,/c -B. 0 By
—E./c By, —Bg 0
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Electric and Magnetic Fields

Lecture 12-7 @ Electric field (: = 1,2, 3)
FO%=FE'/c; F®=-E'/c
@ Magnetic field (:, 5,k = 1,2, 3)
Fii — ik gk
@ (ks the 3-dimensional antisymmetric Levi-Civita tensor
Magnet Felds (€123 = €231 = 312 = 1, 213 = €132 = 321 = 1, other components are
zeroes)
@ We see that E and B are not components of four vectors, but rather of an

anti-symmetric, second-rank tensor
@ Note that we can lower the indices in the usual way

Fu = g‘w‘guﬁFO‘B

@ The components corresponding to E change sign, Fyo = —E?, whilst those
corresponding to B are unaltered:

0 —Ez/c —Ey/c —E:/c
Eyfc 0 B. -B,
EyJc  —B. 0 By
E./c By —Bx 0

Fu =
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Levi-Civita Tensor in 4 dimensions

Lecture 12-7

Levi-Civita Tensor

Inverting the relation involving B* gives

1 ..
BF = 55“’“Fij

Here, the summation over both ¢ and j index is implied
With a chosen k, there are two possibilities for non-equal 4, j in €%
Finally, we will introduce the dual field-strength tensor

But as a precursor we will return to the Levi-Civita tensor

Levi-Civita Tensor in 4 dimensions is the four-dimensional version of the
€;j1 encountered in 3-D Euclidean space. It is defined by

—1 ifpu,v,p,oisan odd permof0,1,2,3

1 ifu,v,p,oisanevenpermof0,1,2,3
eHvPo —
0 if any two indices are equal
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Levi-Civita Tensor in 4 dimensions, cont.

Lecture 12-7

@ Lowering the indices in the usual way, we immediately see that

vpo
Cpvpo = —€eP

@ Note a very useful relation

Levi-Givita Tensor
P e ppo = —2 (818Y%, — 515,)

@ If we take . = 0, then other components of e#¥?“ are space-like, and

(Oidk

_ ezgk
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Exercize

Lecture 12-7

ea,B;u/

€appe = =2 (61,8% —5}'8,)

Assume that all indices p, v, p, o correspond to space components m, n, r, s
Then one of the «, 8 indices corresponds to the time component, i.e. either

a = 0or 8 = 0, and the remaining one corresponds to a space component

@ The left side is Eo‘ﬁm"eaﬂm = Obmng, 4 e®0mne

_ _Ebmnebrs _ eamnars _ _2€bmnebT5 _ _2€mnb€b'rs

Levi-Civita Tensor

@ The right side:
—2(815Y, — 5J6) = —2 (5™ — 5T
@ This gives
6'mnbeb'rs — gmrgns _ gsmgrn
@ Multiplying by A™ B™C's gives
EmnbAn EbrsBrCs — €mnbAn(B % C)b — [A % (B % C]m
(BxCy?
_ [6mr5ns _ (Ssm(srn]AnBrCs _ Bm(A Q) — Cm(A . B)
iie.the A x (Bx C)=B(A-C)— C(A-B) formula
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Dual Field-Strength Tensor

Lecture 12-7 @ The dual field-strength tensor is defined by
- 1
FHY — Eewngpg
@ Take o = 0, then
0% 1 0ijk 1 ijk i
F :56 ij:ie ij:B

or Bt = F0_ Similarly, taking both p. and v space-like, we have

Dual Field-Strength
Tensor

U R . - -
7 = 2 [ Ry + €70 Fio| = €4 Foy = —eh B e
@ The elements of F*¥ are related to those of F*¥ through the substitution

E/c—B , B— —E/c

so that
0 B By B.
v _ —B, 0 —-E./c Ey/c
—By E./c 0 —E:/c
—B. —Ey/c E./c 0

@ Transition from F~¥ to F»¥ reverses the roles of the electric and magnetic
fields


Mobile User


Dual Field-Strength Tensor, cont.

Lecture 12-7

0 Bg

F,uu — _Bx 0 _EZ/C Ey/c

—By E./c 0 —Eg/c

—-B., —Ey/c Egjc 0

Dual P Stength @ Lowering the indices yields

0 —B, —By, —B,
P B, 0 E./c —Ey/c
=1 By —E;/c 0 E./c

B. Ey/c —Eg/c 0
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Maxwell's Equations

Lecture 12-7 . .
@ Let us return to Maxwell’'s equation in a vacuum

p 10B 1 OE
VE=L  VxE+-2"20, YxB=pd+ == ,
e x +cat % Ho +c2 ot

V:-B=0
@ They are first-order differential equations expressed in terms of E and B
@ Covariant form of Maxwell’s equations will contain terms like 8, F, ,
@ To convert equations written for the fields E, B into equations for the tensor
F.,, we will use the relations E?/c = FO' = —F"0, FiJ = ¢k BF,
Maxwell's Equations Bk = %Eiijij and B = FO'L’ Fij = —EijkEk/C
@ Looking at V - E = p/eo, we see that it may be written as
o EY _J°

0
- = = uoJ
ozt ¢ c2eg a

@ Using E?/c = F%, and noting that F°° vanishes, we write

B FOH = 1o J°
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Maxwell's Equations, cont.

Lecture 12-7 1 aE
@ The second inhomogeneous equation V x B = ioJ + = may be

written as

i O 0
z‘jki'B J’L 77E’L
o Hol t 2o

@ Using €% B* = FiJ and E* = cF% gives

- 1 )
AQfF"J::u0J1+——sz@1

oxI c ot
@ This can be written as
Maxwell's Equations
o .. o . )
-FY 4 —F" = poJ’
OxJ * Oz0 Ho

= 9 F'™ = pgJ*

@ Recalling 9, FO* = 119.J°, we see that the two inhomogeneous Maxwell
equations can be written in the unified form

OuF " = o J”
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Maxwell's Equations, cont.

Lecture 12-7 @ Turning now to the homogeneous equations, we see that V - B = 0 can be
written as

—F0=0 = 9,F9=0

@ VXE+ 9B _ ( takes the form
ot

8 8 .
ik gk —Bi=0
ozJ ot
@ Using €% Ek /c = —FJ = FJ% and B' = F°¢ we obtain
Maxwell's Equations 9 - .. 9 .
it =y
OxJ OxY

— 9, FH* =0
@ The two homogeneous Maxwell equations can be written in the unified form
A FH =0
@ Combining with
By FHY = poJH

we get covariant formulation of Maxwell’s equations
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Maxwell’'s Equations, cont.

Lecture 12-7

@ Note that we can rewrite 9, F** = 0 as
1
5 ue? Fpp =0
— HVPTY, Fhy = 0,
Maxwells Equations which we can express as
OuFpo + 0pFop + 05 Fup =0

@ This is known as the Jacobi Identity




Energy and Momentum Law

Lecture 12-7 @ The Lorentz force law in Gaussian units is

dp 1
— = E+-vxB
dt q{ +cv }

@ To write this in a covariant form, we introduce the proper time dr = y~1dt
dp* _ dp® dr 1 dp*
dt — dr dt  ~ydr
@ Thus the force law may be expressed as Minkowski force
= dl =~q {El + ,ewkUJBk}
dr c
@ Introduce the four-velocity n* = (yc,vv), yielding
dp*
dr

Kt

Energy and

Momentum Law

_ g{noFio + eijknjBk} _ g{noFio _ njFij}
C &
q ) -

= Lo F™ 4P}

@ Thus the Lorentz force law becomes

_dp' _

K q m
¢ dr c "
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Energy and Momentum Law, cont.

Lecture 12-7 @ The analogous equation for the energy is

d
aEvmech — qE v
@ Thus, writing
i mech _ ﬂ i mech _ l iEmech
dt dt dr v dr
we have
dEmech . ) .
— ,quzOUz — qFOZT]i
Energy and dr
Momentum Law
yielding
d [Emech q
il = 1y, FOH.
dr ( c ) Cnu

@ Identifying E™ech /¢ with the component p°, we see that both this equation
and the Lorentz law can be expressed as

dpH
p — gnu F}J,l/
dr c

Kt =

@ Newton’s second law is in a manifestly covariant form
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