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L Jacobi identity

Lecture 12-8 Jacobi identity: 0 Fjg, + 9 Fya + OyFog =0

Proof:
@ Math formula

shoosh ot

HUAP — _ v v v

Jacobi identity € €apryp = — det oY 5 57
: : A A A
5 8 &)

@ Start from 8, FP” =0

WEPY =0 & MY Ry, =0s VN, Fy, =0

@ Multiply by —eq 8+,

shoon o
0= —€apype"’ O, Fy, = det| 04 05 85 |0,Fx,
5 8 8

= 2(0pFya + 0akpy + 0y Fop)



= Lorentz Invariants
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@ There are two invariants we can construct from the field-strength tensor
Fu FW = Foi FO + FioF*° 4 F;; FY9 = 2(B? — E?)
@ On the last step, we used explicit forms of F#¥ and F},.:

Jacobi identity

0 E;/c Ey/c E./c

v _ | —Eole 0 B. -B,
—E,Jc -B. 0 B, |

—E./c By —Bg 0

0 —E;/c —-Ey/c —E./c

oo | Bele 0 B. -B,
uv EyJc  —B. 0 Ba
E./c By —B; 0

Thus B2 — L E? is a Lorentz Scalar

1 1
2 _ 2 - g
B’ - SE’ = _FuF



= Lorentz Invariants
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@ Second (pseudo)scalar invariant: F,, F#¥ = —2E - B . This can be
checked by using explicit form of F#v:

0 —E;/c —Ey/c —E./c

Foo— Em/c 0 B, _By
Jacobi identity L Ey/c *Bz 0 BI ’
EZ/C By —Bm 0
0 Ba By B,
v — — By 0 —Ez/c Ey/c
—By E./c 0 —FEi/c
—B, —Ey/c Em/c 0

@ Thus E - B is also a Lorentz Scalar (more precisely, a pseudoscalar)

E B= —ZFWFW

@ These are the only Lorentz invariants built from electromagnetic fields
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@ Since F*” is a second-rank tensor, it transforms according to
o v
oz 8 oz

F//,LV — Fa
ox® oxB’

@ This we can write as

Transformation
Properties of EM

Field m
F' = AFAT, where A*, = O
oxv

@ Specifically, let us consider a boost from K to K’ where K’ has velocity v in
z-direction w.r.t. K, and origins coincide at t = ¢’ = 0. Then

vy =B 0 0

_| -8B v 0 0
A= 0 o1 0 |’

0 0 0 1

where 8 =v/candy = (1 — §2)~1/2
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vy =8 0 0

_| P vy 0 0
A= 0 01 0
0 0 0 1

@ Using this expression in F/ = AFAT we find

Froperesof e ¥y —yB 0 0
Field
| -8 vy 0 0
= 0 0 1 0
0 0 0 1
0 Ei/c Ex/c Es/c ¥y -8 0 0
o | —Ei/e 0 B3 —-B -8 vy 0 0
—Ey/c —Bs 0 B 0 0 1 0
—E3/c By —Bi 0 0 0 0 1
@ Multiplying last two factors
¥y =8 0 0 —¥BE1/c vE1/e Ea/c Es/c
F/ - —’YB ot 0 0 7’yE1/C /BEl/C Bg 732
- 0 0 1 0 - (é - BBs) ~y(BE2 — Bs) 0 By
0 0 0 1) \y(Bypm) (B +8E) -B 0
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Transformation X
Propemres o" EM @ Fi naIIy
Field

0 Br y(%2 = BBs) (52 +BB)
I —E 0 ~(Bs—pE2) —y(B:+B%)
—(£2 - B8B3) ’Y(BS*ﬁ? 0 By

(2 1 By) (B> + ) B

@ Writing out the individual vector components, we find

Eé :’Y(E2 *,3633); Bé :'Y(BQ+€E3)

B} = Ex; B =B }
B} =~(Es + BcBa);  bBy =~(Bs — 2Ey)

@ Thus the E and B fields mix under a Lorentz transformation
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E| = Eq; Bl =B:
Eb = y(E2 — BcBs);  Bh =~(Ba + £ B3)
Bl = ~(E3 + BcBs);  bBj = y(Bs — 2E»)

@ We can express this in (three) vector form as

Transformation
Properties of EM
Field

’_ _ 7 .

E' =~[E + 8 x B] v+16('@ E)
' _ ! _ )
B —v(B CﬁxE) 7+1B(B B)

@ B=v/c
@ Check: take the component of E’ parallel to v. This gives
e s e Bl -

1+~
E .-v=E =~E, — E E, = E,=F
v v YLy T+ 1 v Tt 1 v Tl v v

since v2 — 4282 =1



Electric and magnetic fields of relativistically
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lesiue iz Charge ¢ moves along a line at velocity v = ve; in K

The charge is at rest in the frame K’

Att = t' = 0, the origins of the two frames coincide

We have an observer P at impact parameter b (i.e.
distance of closest approach) as shown

@ Write electric and magnetic fields at point P in frame
K’ attime t’. P has coordinates

Fields of moving
charge = —out! s y, =b s 2 = 0

@ Thus, from Coulomb’s law

dreoE] = —qut'/r'® ; AmeoEly =gb/r’® ; E =0
B =0 i B} =0 ; B =0.

@ To express this in terms of coordinates in K, we note that r'2 = b2 + v2¢/2
@ But we also have ct’ = v(ct — Bz) = ~ct
@ Thus 7’2 = b? 4+ v242¢2 and we have

qyvt
(b2 + v2'y2t2)3/2 ’

qb /

/ _
dmeo ] = — 7({)2 n v272t2)3/2 , B3 =0

dreoEY =



Electric and magnetic fields of relativistically
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B = (b2 + v242¢2)3/2 2 (b2 + v24212)3/2 B3 =0
@ We now use transformation laws
E} = Ex; B, =B
Bj =~(By — BcBs); B} =~(Ba+ £ E)
El = y(Es + BcBa);  bBY = ~(Bs — £ E)
changing there 8 — —p:

Fields of moving

charge E, = Ei; By = Bi
Ey = ~(Ey + BcBy); B2 =~(By — gEé)
B3 =~(B5 — feBy); Bz =(By + CFy
to write
o qyvt
=k = (b2 + v242¢2)3/2
b
By = 2E} = g

(02 + v2422)3/2
8
By=yB4=0, Bi=0, By=1B=0, Bs=+"8; =",

@ Thus in the laboratory frame we see a magnetic induction
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ayvt / vab
B =E| = By =By =
1 1 (02 + v242¢2)3/2 ° 2T V2T 2 1 2.242)3/2
Bs=7Ey=0, Bi=0, By=~B,=0, Bs=~"5)="p,
C (&

@ Note that in the limit v — ¢, we have 3 — 1 and the magnetic induction
equals the transverse electric field

Fields of moving

charge @ In the nonrelativistic limit v — 0,
v Ygb vgb qVv Xxr
B3 = — — — B~ =
87 T (2 + 02y242)3/2 (b2 + v2t2)3/2 c 13

@ We have used vb = vrsin6.

@ The result is just the Biot-Savart Law

@ Finally, let us look at the field lines. We have
Ey b
E Tt

@ The electric field is still a central field in the frame K
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e LA
(b2 + v2~2¢2)3/2

Bey—LE,
C Cc

qyvt

— [ _—_
Bi=FE = (b2 + v2~212)3/2

Ey =~E) =

E3=7E;=0, Bi=0, Bo=79B;=0, B3=1v

@ If we now look at the magnitude of the field, however, we find
Fields of moving

charge e 2 2,2\1/2
El=—r—F—"ssrs
| | (b2+v272t2)3/2 (b Toutt )

@ Setting b = rsin 6, vt = r cos, we have

B = ar _ q
r3(sin? 6 4+ 42 cos2 0)3/2  r2~42(sin? 0/~2 4 cos? 0)3/2
@ This gives
q . _
|E| = 2,2 (1 — B?sin?0)~3/2

@ The lines of force, whilst central, are no longer isotropic
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