453 Midterm IT (16 points). April 1, 4:30 —6:00 p.m.

Problem 1 (4 points).

1. Consider the vector potential A(F) = 7 x é;.
(a) What is the magnetic field?
(b) Does this potential satisfy Coulomb gauge condition V-A=0?

2. Repeat the same steps for the potential A(7) =7 x (7 x é3).

3 (Extra credit - 3 points). For the potential with V - A # 0 modify A such that the magnetic field remains the
same but the Coulomb condition is satisfied.

Solution: L . L
1. A(F):FXégz—xéQ—Fyél:}B:VXA = —QégaDdV'A =0

2. A(F) = Fx (Fx é3) = x28) +yzéy — (22 +y2)és = B=V x A = 3uéy, —3yé; and V-4 = 22

3(Extra credit). For the second case VA =2z # 0. We need a gauge transformation A" = A+ VA such that
the Coulomb gauge condition V- A" = V-A+ V2A = 0 is satisfied = VZA = — 2z. It is easy to guess that
the one of the solutions of this differential equation is A(¥) = — ? so A = xzéy 4 yzéy — (22 + 32 + 22)és. This
solution is not unique - there is an (infinite) number of other A’s.

Problem 2 (6 points).

A particle of charge ¢ moves in a circle of radius a at a constant angular velocity w. Assume that the circle lies in
the z,y plane, centered at the origin and at time ¢t = 0, the charge is at (a,0) on the positive  axis. For points on
the z axis, find
(a) the Lienard-Wiechert potentials and
(b) the time-averaged electric field.

Solution
(a). The Lienard-Wiechert potentials are given by

N’ =
ont) = o 7 —i(t,)]| — L1a(t,) - (F— d(t,))
A = Mg

In our case |F — w(t)] = V22 + a? and 0(t) - (F— @(t)) = 0 for any ¢ so we get
q
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A'(F;t) = E(Cl;r)qb(ﬁt) -

QS(F? t) =

Hoq
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where t, = %\/ 2% + a? is the retarded time.
(b). By symmetry, the time-averaged electric field is collinear to the z axis so it is sufficient to find E,(z,0,0)
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(B(0.0)) = — (20(=0,0)) ~
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E(2,0,0)) = ———— ¢
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Problem 3 (6 points).

A particle of charge ¢ and mass m moves through an empty space with the velocity ¥ = vé; (v < ¢). At time ¢t = 0,
a uniform magnetic field B is applied along the z-axis. How long it will take for the particle to lose half of its kinetic
energy? (Assume that the magnetic field is sufficiently weak, so that the particle loses half of its energy after many
revolutions).

Solution
In the uniform magnetic field, the particle moves around the circle with the radius R = é where wp = % is the

cyclotron frequency. Our particle will radiate so v (and R) will slowly decrease with time. The radiated power is

p_ M0@’@® _ pog’wpv? _ pogiwh mv?
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so we have the differential equation

dEyin(t) fog*w
P=- =— Euin(t
dt 3mme i ()

The solution is

HOQQWZB

Eyin(t) = Epe™ 3wme ¢
so the particle will lose half of its kinetic energy after time
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