
Phys. 807 — Statistical Mechanics

Solution.

The velocities in generalized coordinates r, φ are

ẋ =
d

dt
r cosφ = ṙ cosφ− rφ̇ sinφ

ẏ =
d

dt
r sinφ = ṙ sinφ+ rφ̇ cosφ

ż =
d

dt
r cotα = ṙ cotα

The kinetic energy is

T =
m

2
(ẋ2 + ẏ2 + ż2) =

m

2
(ṙ2 + r2φ̇2 + ṙ2 cot2 α) =

m

2
(
ṙ2

sin2 α
+ r2φ̇2)

so the Lagrangian is

L = T − V =
m

2
(
ṙ2

sin2 α
+ r2φ̇2) −mgr cotα

The Lagrangian does not depend on φ so the first equation of motion is

d

dt

∂L

∂φ̇
=

d

dt
(mr2φ̇) = 0

so
mr2φ̇ = const

This is actually the z-component of the angular momentum:

Lz = xẏ−yẋ = cosφ(ṙ sinφ+rφ̇ cosφ)−r sinφ(ṙ cosφ−rφ̇ sinφ) = mr2φ̇

The second of Euler-Lagrange equations is

d

dt

∂L

∂ṙ
=

∂L

∂r
mr̈

sin2 α
= mrφ̇2 −mg cotα
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The second conserved quantity is the energy

E = T + V =
m

2
(
ṙ2

sin2 α
+ r2φ̇2) +mgr cotα

Check:

dE

dt
=

m

sin2 α
ṙr̈ +mr2φ̇φ̈+mφ̇2rṙ −mgṙ cotα

= (mrφ̇2 −mg cotα)ṙ + φ̇
d

dt
(mr2φ̇) −mrṙφ̇2 +mφ̇2rṙ +mgṙ cotα = 0

The conservation of energy can be rewritten as

ṙ = sinα

√
2E

m
− L2

z

r2
− 2mgr cotα

This ordinary differential equation can be integrated

φ(t) − φ0 =
1

sinα

∫ t

t0
dt

1√
2E
m

− L2
z

r2
− 2mgr cotα
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