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HW assignment 8

Problem

A charge density σ(θ, φ) = k sin θ sinφ is glued over the surface of

a spherical shell of radius R. Find the resulting potential inside and

outside the sphere.

Solution

The general formula for expansion of potential φ(r, θ, ϕ) in spher-

ical harmonics has the form

φ(r, θ, ϕ) =
∞∑
l=0

l∑
m=−l

(Almr
l +Blmr

−l−1)Ylm(θ, ϕ)

The potential must be continuous at r = R so Blm = R2l+1Alm and

therefore the potential can be represented as

φin(r, θ, ϕ)
r<R=

∞∑
l=0

l∑
m=−l

Almr
lYlm(θ, ϕ)

φout(r, θ, ϕ)
r>R=

∞∑
l=0

l∑
m=−l

AlmR
2l+1r−l−1Ylm(θ, ϕ)

The surface charge density is related to discontinuity in ~E

Eabove
⊥ − Ebelow

⊥ =
σ

ε0

so we get

σ

ε0
=

∂

∂r
φin(r, θ, ϕ)−

∂

∂r
φout(r, θ, ϕ)

∣∣∣∣∣∣
r=R
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which can be rewritten as

k

ε0
sin θ sinϕ =

∞∑
l=0

l∑
m=−l

AlmR
l−1(l + 1)Ylm(θ, ϕ)

Using sin θ sinϕ = i
2(Y1,1 + Y1,−1)

√
8π
3 and the orthonormality of

spherical harmonics we get A1,1 = A1,−1 = i k6ε0

√
8π
3 and therefore

φin(r, θ, ϕ) =
kr

3ε0
sin θ sinϕ

φout(r, θ, ϕ) =
kR3

3r2ε0
sin θ sinϕ


