
1804 Midterm (16 points). 04/09/20, 10:50 a.m. - 12:40 p.m.

Problem 1.

A TE1,1 wave propagates along the cylindrical wave guide made from a perfect conductor of

radius R.

(a) Find the (surface) currents on the surface of the guide.

(b) Is there a total current flow along the wave guide?

Solution

The solution for Hz is

Hz = ψ(s, ϕ)eikz, ψ(s, ϕ) = J1(γs)e
iϕ

where

γR = x′11,

where x′11 = 1.841... is the first root of J ′1(x) = 0.

In cylindrical coordinates ~∇Tψ(s, ϕ) = ês
∂ψ
∂s

+ êφ
1
s
∂ψ
∂φ

so

~HT =
ik

γ2
eikz ~∇Tψ =

ik

γ2
eikz+iφ

[
êsγJ

′(γs) +
i

s
êφJ1(γs)

]
~ET = − iωµ

γ2
eikz êz ×∇Tψ = − iωµ

γ2
eikz+iφ

[
êφγJ

′
1(γs)−

i

s
êsJ1(γs)

]
The surface current is

~K(ϕ) = <n̂× ~H = <ŝ× ~H = −<[êφ+
kR

x′11
2 êz

]
J1(x

′
11)e

iϕ = − [êφ+
kR

x′11
2 êz

]
J1(x

′
11) cosϕ

The total current along the guide vanishes

∫ 2π

0
dϕKz(ϕ) = 0
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Problem 2.

A particle of charge q moves in a circle of radius a at a constant angular velocity ω.

Assume that the circle lies in the x, y plane, centered at the origin and at time t = 0, the

charge is at (a, 0) on the positive x axis. For points on the z axis, find

(a) the Lienard-Wiechert potentials and

(b) the time-averaged electric field.

Solution

(a). The Lienard-Wiechert potentials are given by

φ(~r, t) =
q

4πε0

1

|~r − ~w(tr)| − 1
c
~v(tr) · (~r − ~w(tr))

~A(~r, t) =
~v(tr)

c2
φ(~r, t)

In our case |~r − ~w(t)| =
√
z2 + a2 and ~v(t) · (~r − ~w(t)) = 0 for any t so we get

φ(~r, t) =
q

4πε0
√
z2 + a2

~A(~r, t) =
~v(tr)

c2
φ(~r, t) =

µ0q

4π
√
z2 + a2

[− sin(t− tr)ê1 + cos(t− tr)ê2]

where tr = 1
c

√
z2 + a2 is the retarded time.

(b). By symmetry, the time-averaged electric field is collinear to the z axis so it is

sufficient to find Ez(z, 0, 0)

〈Ez(z, 0, 0)〉 = − 〈 ∂
∂z
φ(z, 0, 0)〉 − 〈∂Az

∂t
〉 = − ∂

∂z
φ(z, 0, 0) =

qz

4πε0(z2 + a2)3/2

so

〈 ~E(z, 0, 0)〉 =
qz

4πε0(z2 + a2)3/2
ê3
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Problem 3.

A particle of charge q and mass m moves through empty space with initial velocity

~v0 = v0ê1 (v0 � c) at t = 0 in a uniform magnetic field ~B = Bê3. How long will it take for

the particle to lose half of its kinetic energy to radiation? (Assume that the magnetic field

is sufficiently weak so that the particle loses half of its energy after many revolutions).

Solution

In the uniform magnetic field, the particle moves around the circle with the radius R = v
ωB

where ωB = qB
m

is the cyclotron frequency. The particle will radiate so v (and R) will slowly

decrease with time. The radiated power is

P =
µ0q

2a2

6πc
=
µ0q

2ω2
Bv

2

6πc
=
µ0q

2ω2
B

3πmc

mv2

2

so we have the differential equation

P = −dEkin(t)

dt
= −µ0q

2ω2
B

3πmc
Ekin(t)

The solution is

Ekin(t) = E0e
−
µ0q

2ω2
B

3πmc
t

so the particle will lose half of its kinetic energy after time

t =
3πmc

µ0q2ω2
B

ln 2 =
3πm3c

µ0q4B2
ln 2


